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POINTWISE LOWER SCALAR CURVATURE BOUNDS FOR C0
METRICS VIA REGULARIZING RICCI FLOW
PAULA BURKHARDT-GUIM
Abstract. In this paper we propose a class of local definitions of weak lower scalar
curvature bounds that is well defined for C0 metrics. We show the following: that our
definitions are stable under greater-than-second-order perturbation of the metric, that
there exists a reasonable notion of a Ricci flow starting from C0 initial data which is
smooth for positive times, and that the weak lower scalar curvature bounds are preserved
under evolution by the Ricci flow from C0 initial data.
1. Introduction
It is natural to ask whether there exists a useful notion of scalar curvature for singular
metric spaces. Gromov has introduced (see [8]) a definition of lower scalar curvature bounds
for certain singular spaces, which has the advantage that it is well-defined for C0 metrics,
rather than requiring higher regularity. As a result, Gromov was able to prove in [8] that
the space of C2 Riemannian metrics with scalar curvature bounded below was closed with
respect to C0-convergence. In [2], Bamler provided an alternative proof of this fact, using
Ricci flow and the results of Koch and Lamm [10], and making use of the fact that, for
smooth Ricci flows, lower bounds on the scalar curvature are preserved.
Bamler’s approach and the preservation of (constant) lower bounds on the scalar curva-
ture under the Ricci flow leads one to ask whether it is possible to formulate a local notion
of lower bounds on the scalar curvature for singular spaces in terms of Ricci flow (for a
discussion of classical Ricci flow, see §2). A satisfactory notion of a pointwise lower bound
on the scalar curvature should satisfy the following requirements: For any constant κ, we
should have
(1) Stability under greater-than-second-order perturbation: If g′ and g′′ are
two C0 metrics that agree to greater than second order around a point x0, i.e.
|g′(x) − g′′(x)| ≤ cd2+η(x, x0) for some c, η > 0 and all x in a neighborhood of x0,
then g′ should have scalar curvature bounded below by κ in the weak sense at x0
if and only if g′′ does. Moreover, if g′ and g′′ are C0 metrics on different manifolds
which merely agree to greater than second order under pullback by a locally defined
diffeomorphism, the conclusion should still hold.
(2) Preservation under the Ricci flow: If g is a C0 metric on a closed manifold
that has scalar curvature bounded below by κ in the weak sense at every point,
and g˜t is a solution to the Ricci flow starting from g in some sense, then g˜t should
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have scalar curvature bounded below by κ at every point for all t > 0. This is true
for Ricci flows starting from smooth initial data.
(3) Agreement with the classical notion for C2 metrics: If g is a C2 metric with
scalar curvature bounded below by κ at x0 in the generalized sense for C
0 metrics,
then g should have scalar curvature bounded below by κ at x0 in the classical sense.
We now explain what it means to have Ricci flow starting from a metric that is only C0.
In [15] Simon showed that, for a complete initial metric, there is a smooth, time-dependent
family of metrics defined on a positive time interval and converging uniformly to the initial
data, which solves the Ricci-DeTurck flow, an evolution equation closely related to the Ricci
flow (we discuss the Ricci-DeTurck flow in greater detail in §2). Additionally, in [10] and
[11] Koch and Lamm developed a natural notion of a solution to various geometric flows
starting from nonsmooth, or “rough”, initial data, namely, a solution to the corresponding
integral equation for these geometric flows. For positive times, certain integral solutions
from the rough initial data have high regularity. These results suggest that one might
define a weak notion of lower scalar curvature bounds for C0 metrics by finding a solution
to the flow starting from the C0 data, and then checking that, for small positive times, the
lower scalar curvature bound is satisfied in the classical sense. In order to state our notion
of local lower scalar curvature bounds for C0 metrics, we first show that there is a Ricci
flow starting from C0 initial data in the following sense:
Theorem 1.1. Let M be a closed manifold and g0 a C
0 metric on M . Then there exists a
time-dependent family of smooth metrics (g˜t)t∈(0,T ] and a continuous surjection χ :M →M
such that the following are true:
(a) The family (g˜t)t∈(0,T ] is a Ricci flow, and
(b) There exists a smooth family of diffeomorphisms (χt)t∈(0,T ] :M →M such that
χt
C0−−→
t→0
χ and ||(χt)∗g˜t − g0||C0(M) −−→
t→0
0.
Moreover, for any x ∈ M , diam{χs(x) : s ∈ (0, t]} ≤ C
√
t for some constant C > 0
independent of x, and any two such families are isometric, in the sense that if g˜′t is another
such family with corresponding continuous surjection χ′, then there exists a stationary
diffeomorphism α :M →M such that α∗g˜t = g˜′t and χ ◦ α = χ′.
We call the pair ((g˜t)t∈(0,T ], χ) a regularizing Ricci flow for g0, and use it to make the
following definition:
Definition 1.2. Let Mn be a closed manifold and g0 a C
0 metric on M . For 0 < β < 1/2
we say that g0 has scalar curvature bounded below by κ at x in the β-weak sense if there
exists a regularizing Ricci flow ((g˜t)t∈(0,T ], χ) for g0 such that, for some point y ∈M with
χ(y) = x, we have
(1.1) inf
C>0
(
lim inf
tց0
(
inf
Bg˜(t)(y,Ctβ)
Rg˜(·, t)
))
≥ κ,
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where Bg˜(t)(y,Ct
β) denotes the ball of radius Ctβ about y, measured with respect to the
metric g˜(t), and Rg˜(·, t) denotes the scalar curvature of g˜t .
Remark 1.3. In fact, we will show in §6 that Definition 1.2 is independent of choice of y,
so it is equivalent to require that (1.1) hold at y for all y with χ(y) = x.
The objective of this paper is to show that Definition 1.2 satisfies items (1), (2), and
(3). It is clear that (3) is satisfied, since if g0 is C
2, then the regularizing Ricci flow is the
usual Ricci flow with χ = id, and
(1.2) inf
C>0
(
lim inf
tց0
(
inf
Bg˜(t)(y,Ctβ)
Rg˜(·, t)
))
= lim
t→0
Rg˜(x, t).
In order to show that Definition 1.2 satisfies item (1), we study the stability of the
difference of scalar curvatures of regularizing Ricci flows from metrics that agree to greater
than second order. We show:
Theorem 1.4. Suppose g′ and g′′ are two C0 metrics on closed manifolds M ′ and M ′′
respectively, and that there is a locally defined diffeomorphism φ : U → V where U is a
neighborhood of x′0 in M
′ and V is a neighborhood of x′′0 in M
′′ with φ(x′0) = x
′′
0. Suppose
furthermore that g′ and φ∗g′′ agree to greater than second order around x′0, i.e. |g′(x) −
φ∗g′′(x)| ≤ cd2+η(x, x0) for some c, η > 0 and all x in a neighborhood of x′0. Then there
exist regularizing Ricci flows (g˜′t, χ′) and (g˜′′t , χ′′) for g′ and g′′ respectively such that, for
1/(2 + η) < β < 1/2, C > 0, and t sufficiently small depending on C, β, and η, we have
(1.3) sup
B(x′0,Ct
β)
|R(χ′t)∗g˜′t − φ∗R(χ′′t )∗ g˜′′t | ≤ ctω,
where ω is some positive exponent, c is a constant that does not depend on t or C, R(χ
′
t)∗g˜
′
t
and R(χ
′′
t )∗g˜
′′
t denote the scalar curvatures with respect to (χ′t)∗g˜′t and (χ′′t )∗g˜′′t respectively,
and (χ′t) and (χ′′t ) are the smooth families of diffeomorphisms for g˜′t and g˜′′t respectively,
whose existence is given by (b) in Theorem 1.1.
In particular, Definition 1.2 holds for g′ at x′0 if and only if it holds for g
′′ and x′′0.
Theorem 1.4 follows from some results in §4 and §5, as we shall discuss.
Definition 1.2 may be reformulated in terms of Ricci or Ricci-DeTurck flows, and also has
a natural formulation in terms of subspaces of the space of germs of Riemannian metrics
at a point: By Theorem 1.4, Definition 1.2 descends to the space of germs of metrics
at a point, and further descends to the quotient space induced on the space of germs of
metrics at x0 by the relation [g] ∼ [g′] if g and g′ agree to greater than second order at
x0. Moreover, we show that Definition 1.2 behaves appropriately under the Ricci flow, and
thus satisfies item (2):
Theorem 1.5. Suppose that g0 is a C
0 metric on a closed manifold M , and suppose there
is some β ∈ (0, 1/2) such that g0 has scalar curvature bounded below by κ in the β-weak
sense at all points in M . Suppose also that (g˜(t))t∈(0,T ] is a Ricci flow starting from g0 in
the sense of Theorem 1.1. Then the scalar curvature of g˜(t), R(g˜(t)), satisfies R(g˜(t)) ≥ κ
everywhere on M , for all t ∈ (0, T ].
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Theorem 1.5 implies:
Corollary 1.6. If (M,g) is a closed Riemannian manifold with C0 metric g, and if there
exists β ∈ (0, 1/2) such that, at every point in M , g has scalar curvature bounded below
by κ in the β-weak sense, then there exists a sequence of C2 metrics on M with scalar
curvature bounded below by κ that converges uniformly to g.
Theorem 1.5 also implies:
Theorem 1.7. Let g be a C0 metric on a closed manifold M which admits a uniform
approximation by C0 metrics gi such that, for some β ∈ (0, 1/2), gi has scalar curvature
bounded below by κi in the β-weak sense everywhere on M , where κi is some sequence of
numbers such that κi −−−→
i→∞
κ for some number κ. Then g has scalar curvature bounded
below by κ in the β-weak sense. In particular, any regularizing Ricci flow (g˜(t))t∈(0,T ] for
g satisfies R(g˜(t)) ≥ κ for all t ∈ (0, T ], so g admits a uniform approximation by smooth
metrics with scalar curvature bounded below by κ.
As a corollary of Theorem 1.7, we may answer the following question, posed by Gromov
in [8]:
Question 1 ([8, Page 1119]). Let g be a continuous Riemannian metric on a closed
manifold M which admits a C0-approximation by smooth Riemannian metrics gi with
R(gi) ≥ −εi −−−→
i→∞
0. Does M admit a smooth metric of nonnegative scalar curvature?
By setting κi = −εi in Theorem 1.7, we obtain the following response:
Corollary 1.8. If (M,g) is as in Question 1, then any regularizing Ricci flow (g˜t)t∈(0,T ]
for g satisfies R(g˜t) ≥ 0 for all t ∈ (0, T ]. In particular, M admits a smooth metric of
nonnegative scalar curvature, and moreover, g admits a uniform approximation by smooth
metrics with nonnegative scalar curvature.
We use similar methods to show a torus rigidity result, motivated by the scalar torus
rigidity theorem, which was first proven by Schoen and Yau [14] for dimensions ≤ 7,
and later proven by Gromov and Lawson [7] for all dimensions, and which says that any
Riemannian manifold with nonnegative scalar curvature that is diffeomorphic to the torus
must be isometric to the flat torus. We show:
Corollary 1.9. Suppose g is a C0 metric on the torus T, and that there is some β ∈ (0, 1/2)
such that g has nonnegative scalar curvature in the β-weak sense everywhere. Then (T, g)
is isometric as a metric space to the standard flat metric on T.
Remark 1.10. Corollary 1.9 is in fact the optimal result, i.e. it is not possible to show
that there is a Riemannian isometry between g and the standard flat metric. In the
case where g1 and g2 are smooth metrics, a metric space isometry is automatically a
smooth Riemannian isometry. However, there exist examples of C0 isometries between
C0 metrics which are not C1. Moreover, the regularizing Ricci flow is invariant under C0
isometry, in the sense that if ϕ : (M2, g
2)→ (M1, g1) is a metric space isometry, then, for
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any two regularizing Ricci flows ((g˜1(t))t∈(0,T 1], χ1) and ((g˜2(t))t∈(0,T 2], χ2) for g1 and g2
respectively, there is a stationary diffeomorphism α : M2 → M1 such that α∗g˜1(t) = g˜2(t)
for all t ∈ (0,min{T 1, T 2}] and χ1 ◦ α = ϕ ◦ χ2; this is Corollary 5.5.
We now briefly discuss the role of this paper in the context of possible definitions of
scalar curvature bounded below for C0 metrics. Let M be a closed manifold. We define
the following classes of C0 metrics on M , each of which is a class of C0 metrics that have
scalar curvature bounded below by κ in some reasonable generalized sense. Let C0β(M,κ)
denote the space of C0 metrics onM that satisfy Definition 1.2 everywhere inM , for a given
value of β. Let C0met(M,κ) denote the C
0-completion of C2-metrics whose scalar curvature
is bounded below by κ in the classical sense, i.e. a C0 metric g on M is an element of
C0met(M,κ) if and only if there exists a sequence of C
2 metrics gi on M such that the gi
converge uniformly to g and satisfy R(gi) ≥ κ. Define C0Rf(M,κ) to be the space of C0
metrics on M whose corresponding regularizing Ricci flows have scalar curvature bounded
below by κ for all positive times, i.e. g ∈ C0Rf(M,κ) if and only if for all regularizing Ricci
flows (g˜t, χ) for g we have R(g˜(t)) ≥ κ everywhere for all t > 0 for which the flow is defined.
This is a natural class of metrics to study in light of [2]. Finally, let C0G(M,κ) denote the
space of C0 metrics on M that have scalar curvature bounded below by κ in the sense of
Gromov’s paper [8].
Gromov’s formulation is essentially that a Riemannian manifold (M,g) has nonnegative
scalar curvature if it does not contain a cube with strictly mean convex faces, such that the
dihedral angles are acute, or more generally, that it has scalar curvature bounded below
by κ if its product with an appropriate space form has nonnegative scalar curvature in the
same weak sense; see [8, p. 1119]. This is a natural definition because, if such a cube were
to exist in a manifold with (classical) nonnegative scalar curvature, Gromov has proposed
(see [8, pp. 1144 − 1145]) that one could glue together 2n copies of the cube and obtain
a non-flat torus of nonnegative scalar curvature, contradicting the scalar torus rigidity
theorem ([14, Corollary 2] and [7, Corollary A]).
We now discuss the question of equivalence of these different definitions of lower scalar
curvature bounds for C0 metrics. Certainly we have C0Rf(M,κ) ⊂ C0β(M,κ). Moreover,
Theorem 1.5 implies that C0β(M,κ) ⊂ C0Rf(M,κ), so C0Rf(M,κ) = C0β(M,κ).
By Corollary 1.6, C0β(M,κ) ⊂ C0met(M,κ). Moreover, Theorem 1.7 implies that C0met(M,κ) ⊂
C0Rf(M,κ). Thus we have that C
0
met(M,κ) = C
0
Rf(M,κ) = C
0
β(M,κ).
That [2] provides a Ricci flow proof of Gromov’s C0-limit Theorem [8, Page 1118]
suggests a relationship between C0Rf(M,κ) and C
0
G(M,κ). We have that C
0
met(M,κ) ⊂
C0G(M,κ), since C
0
G(M,κ) contains all C
2 metrics g with R(g) ≥ κ and is closed in C0.
Thus, C0Rf(M,κ) ⊂ C0G(M,κ). It is an open question whether, if a C0 metric on a closed
manifold has scalar curvature bounded below in the sense of [8], it necessarily has scalar
curvature bounded below under the Ricci flow:
Question 2. Suppose that M is closed. Is C0G(M,κ) ⊂ C0Rf(M,κ)?
One feature of Gromov’s definition is that it may be localized around a point x ∈
M , by requiring only that there exist a neighborhood of x such that no cube within the
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neighborhood that contains x has strictly mean convex faces and acute dihedral angles;
see [8, p. 1144]. In light of this, for x ∈M define C0G(x, κ) to be the space of germs of C0
metrics on M at x that have scalar curvature bounded below by κ at x in the sense of [8].
In particular, [2] suggests that there should be a way of localizing C0Rf(M,κ) = C
0
β(M,κ).
Define C0β(x, κ) to be the space of germs of C
0 metrics onM at x that have scalar curvature
bounded below by κ at x in the sense of Definition 1.2. Theorem 1.4 suggests that this is
a reasonable of localization of C0Rf(M,κ), because if a metric satisfies Definition 1.2 at all
points for a uniform value of β, then it is in C0Rf(M,κ)
Question 3. Let M be a closed manifold and x ∈M . Do we have C0G(x, κ) = C0β(x, κ)?
Moreover, towards the aim of showing that Definition 1.2 is equivalent to Gromov’s, we
might ask:
Question 4. Suppose g is a C0 metric on a closed manifold M and that the germ of g at
x is in C0G(x, κ). Suppose that g
′ is another C0 metric on M that agrees with g to greater
than second order about x. Is the germ of g′ at x also in C0G(x, κ)?
Theorem 1.4 says that the perturbation of a metric by greater than second order does
not affect β-weak lower bounds on the scalar curvature. Thus, it is natural to ask whether
one can characterize those metrics, up to higher order perturbation, that have nonnegative
scalar curvature in the sense of Definition 1.2:
Question 5. Suppose g = gijdx
i ⊗ dxj is a metric on a neighborhood of the origin in Rn,
and that we may write
(1.4) gij(x) = δij + r
2Gij(
x
r
) +O(|x|2+η),
where the Gij are functions on S
n−1 ⊂ Rn satisfying xixjGij(x) = 0. Is there an explicit
characterization of metrics of this form that have nonnegative scalar curvature at the origin,
in the sense of Definition 1.2?
We now explain the structure of the rest of the paper.
In §2 we recall some facts about Ricci and Ricci-DeTurck flow, and the evolution of
scalar curvature under these flows. We then state some estimates for the heat kernel on a
Ricci flow background, and derive relevant bounds for the heat kernel on a Ricci-DeTurck
flow background. Finally, we record some useful analytic facts.
In §3 we define appropriate vector spaces and use an argument of Koch and Lamm to
show that there exists a solution to the integral equation for the Ricci-DeTurck flow from
C0 initial data, and that two solutions with close initial data remain close for positive times.
We also apply parabolic interior estimates to show that one may take these solutions to
be smooth for positive times, and that time slices of such solutions converge uniformly to
their initial data as t→ 0.
In §4 we use weighted norms to study the stability under Ricci-DeTurck flow of the dif-
ference of two C0 metrics which initially agree to greater than second order. We then study
the behavior of their second derivatives as t tends to 0 and (essentially) prove Theorem
1.4.
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In §5 we prove Theorem 1.1 and further discuss Theorem 1.4.
In §6 we provide several equivalent formulations of Definition 1.2 and show invariance
of the definition under greater than second order perturbation of the metric. We also show
that Definition 1.2 is independent choice of y and choice of regularizing Ricci flow. Finally,
we show that Definition 1.2 descends to the space of germs of C0 metrics on M .
In §7 we prove Theorem 1.5, Theorem 1.7, and Corollary 1.9.
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2. Preliminaries
2.1. Ricci and Ricci-DeTurck flow. If M is a smooth manifold and g0 is a smooth
Riemannian metric on M , the Ricci flow is a solution to
(2.1)
{
∂tg¯ = −2Ric(g¯) in M × (0, T )
g¯(0) = g0,
where g¯(t) is a smooth, time-dependent family of Riemannian metrics on aM for t ∈ (0, T ).
Moreover, if M is closed and g0 is smooth, then a short-time solution to the Ricci flow
always exists and is unique; see [17, Theorems 5.2.1, 5.2.2]. If g¯(t) = g¯t is a Ricci flow,
then the parabolically rescaled family of metrics ˆ¯g(x, t) := λg¯(x, t/λ) also solves the Ricci
flow equation. Moreover, if g¯(t) is a Ricci flow with |Rm(g¯(t))| ≤ C on [0, T ], then
(2.2) e−2Ctg¯(0) ≤ g¯(t) ≤ e2Ctg¯(0)
for all t ∈ [0, T ]; see [17, Lemma 5.3.2].
By taking T sufficiently small depending on the flow (g¯(t))t∈[0,T ] we may assume that
(2.3)
1
10
ωnr
n ≤ volg¯t(Bg¯t(x, r)) ≤ 10ωnrn
for all x ∈ M and all r ≤ √T , where ωn denotes the volume on the unit ball in n-
dimensional Euclidean space.
Moreover, we may also take T sufficiently small depending on the flow so that around
every point there is an exponential coordinate ball for g¯0 of radius 2
√
T , and in any such
coordinate ball we have
(2.4) |∂m(g¯ij(t)− δij)| ≤ 100
for any multiindex m with |m| ≤ 3 and all t ≤ T .
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We will also be concerned with the Ricci-DeTurck flow, first introduced by DeTurck in
[6], which is related to the Ricci flow via pullback by a family of diffeomorphisms, and
depends on a choice of background metric. Throughout this paper, we consider Ricci-
DeTurck flows on a Ricci flow background. We now recall some facts about this setting,
which may be found (in a more general setting) in [3, Appendix A].
Define the following operator, which maps symmetric 2-forms on M to vector fields:
(2.5) Xg¯(g) :=
n∑
i=1
(∇g¯eiei −∇geiei),
where {ei}ni=1 is any local orthonormal frame with respect to g. Then the Ricci-DeTurck
equation is
(2.6) ∂tg(t) = −2Ric(g(t)) − LXg¯(t)(g(t))g(t),
where g¯(t) is a background Ricci flow. As mentioned, if g(t) solves (2.6) then it is related
to a Ricci flow via pullback by diffeomorphisms. More precisely, if g(t) solves (2.6) and
χt :M →M is a family of diffemorphisms satisfying
(2.7)
{
Xg¯(t)(g(t))f =
∂
∂t(f ◦ χt) for all f ∈ C∞(M)
χ0 = id,
then χ∗t g(t) solves the Ricci flow equation with initial condition g(0). If gt is a solution
to the Ricci-DeTurck equation, and we write gt = g¯t + ht, where g¯t is again a (smooth)
background Ricci flow, then the evolution equation for ht is
(2.8) ∂tht + Lht = Q[ht],
where the linear part, L, is
(2.9) Lht := ∆
g¯tht + 2Rm
g¯t(ht) := ∆
g¯tht + 2g¯
pqRmpijhqmdx
i ⊗ dxj ,
and Q denotes the quadratic term
(Qg¯t [ht])ij := ((g¯ + h)
pq − g¯pq) (∇2pqhij +Rmpijhmq +Rmpjihmq)
+ (g¯pq − (g¯ + h)pq) (Rmipqhmj +Rmjpqhim)
− 1
2
(g¯ + h)pq(g¯ + h)mℓ
(−∇ihpm∇jhqℓ − 2∇mhip∇qhjℓ
+ 2∇mhip∇ℓhjq + 2∇phiℓ∇jhqm + 2∇ihpm∇qhjℓ
)
= ∇p(((g¯ + h)pq − g¯pq)∇qhij)
− (∇p ((g¯ + h)pq − g¯pq))∇qhij + ((g¯ + h)pq − g¯pq)
(
Rmpijhmq +R
m
pjihmq
)
+ (g¯pq − (g¯ + h)pq) (Rmipqhmj +Rmjpqhim)
− 1
2
(g¯ + h)pq(g¯ + h)mℓ
(−∇ihpm∇jhqℓ − 2∇mhip∇qhjℓ
+ 2∇mhip∇ℓhjq + 2∇phiℓ∇jhqm + 2∇ihpm∇qhjℓ
)
,
(2.10)
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where ∇ denotes the covariant derivative with respect to g¯t, and the last equality follows
from the Leibniz rule. Moreover, we may write
(2.11) Q[ht] = Q
0
t +∇∗Q1t ,
where
Q0t := −
1
2
(g¯ + h)pq(g¯ + h)mℓ
(−∇ihpm∇jhqℓ − 2∇mhip∇qhjm
+ 2∇mhip∇ℓhjq + 2∇phiℓ∇jhqm + 2∇ihpm∇qhjℓ
)
− (∇p((g¯ + h)pq − g¯pq))∇qhij + ((g¯ + h)pq − g¯pq)
(
Rmpijhmq +R
m
pjihmq
)
= (g¯ + h)−1 ⋆ (g¯ + h)−1 ⋆∇h ⋆∇h+ ((g¯ + h)−1 − g¯−1) ⋆ Rmg¯t ⋆h
(2.12)
and
(2.13) ∇∗Q1t := ∇p(((g¯ + h)pq − g¯pq)∇qhij) = ∇(((g¯ + h)−1 − g¯−1) ⋆∇h),
where here we use the notation A ⋆ B for two tensor fields A and B to mean a linear
combination of products of the coefficients of A and B, and (g¯ + h)−1 and g¯−1 denote
tensor fields with coefficients (g¯ + h)ij and g¯ij respectively. For any (0, 2)-tensors g¯ and h
satisfying |h|g¯ ≤ γ < 1, we have
(2.14) |(g¯ + h)−1|g¯ ≤ c(n)(1 − |h|g¯)−1 ≤ c(n, γ),
(2.15) |(g¯ + h)−1 − g¯−1|g¯ ≤ c(n)|h|g¯/(1 − |h|g¯) ≤ c(n, γ)|h|g¯ ,
and
(2.16) |(g¯ + h′)−1 − (g¯ + h′′)−1| ≤ |(g¯ + h′)−1|||h′ − h′′||(g¯ + h′′)−1|
To see why this is true, fix a point in M , and choose coordinates about this point so that
g¯ij = δij . Then, using the usual expansion for matrices, we find
|(g¯ + h)−1| ≤ c(n)
∞∑
i=0
|h|i ≤ c(n) 1
1− |h| ,
and
|(g¯+h′)−1−(g¯+h′′)−1| = |[g¯−(g¯+h′)−1(g¯+h′′)](g¯+h′′)−1| = |(g¯+h′)−1[(g¯+h′)−(g¯+h′′)](g¯+h′′)−1|.
We make use of the following pointwise estimates for Q0 and Q1: if |h|g¯ ≤ γ < 1 then
(2.14) and (2.15) imply
(2.17) |Q0t | ≤ c(n, γ)(|∇h|2 + |Rmg¯t ||h|2)
and
(2.18) |Q1t | ≤ c(n, γ)|h||∇h|.
We will now bound the amount that the diffeomorphisms χt which solve the differential
equation in (2.7) perturb the points of M (cf. [3, Lemma A.18]):
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Lemma 2.1. Assume that g(s) and g¯(s) are smooth families of Riemannian metrics in
the setting above, defined for t ∈ (0, T ] and t ∈ [0, T ] respectively. Suppose that χs are the
family of diffeomorphisms solving the differential equation from (2.7). Suppose also that
on this time interval there is some constant c0 such that |∇g¯gs|g¯ ≤ c0s−1/2. Then
(2.19) |Xs|g¯t ≤
c√
s
for any t ∈ [0, T ], and, for all p ∈M and all 0 < t1 < t2, we have
(2.20) dg¯(t1)(χt1(p), χt2(p)) ≤ c(
√
t2 −
√
t1),
where c depends on c0, T sup[0,T ] |Rm |(g¯), and the dimension.
Proof. We first bound the norm of the operator from (2.5), |Xs|g¯s , at a point p ∈ M . Let
the (ei) be normal coordinates for gs at p. We have
g¯s

∑
i
∇g¯sei ei −∇gsei ei,
∑
j
∇g¯sejej −∇gsejej

 =∑
i,j
g¯s(∇g¯sei ei,∇g¯sejej)− 2g¯s(∇g¯sei ei,∇gsejej) + g¯s(∇gsei ei,∇gsejej)
=:
∑
i,j
I + II + III.
We estimate each of these terms separately. We have
I = g¯s(∇g¯sei ei,∇g¯sejej) = g¯s(Γ¯kiiek, Γ¯ℓjjeℓ)
=
n∑
k=1
Γ¯kiiΓ¯
k
jj ≤
c
s
,
where Γ¯cab are the Christoffel symbols with respect g¯ of the (ei). If Γ
c
ab denote the Christoffel
symbols with respect to g of the (ei), then
II = g¯s(∇g¯sei ei,∇gsejej) = ∂ig¯s(ei,∇gsejej)− g¯s(ei,∇g¯sei∇gsejej)
= ∂i
(
Γkjj g¯s(ei, ek)
)
− g¯s(ei,∇g¯si Γkjjek)
= ∂i
(
Γkjj g¯s(ei, ek)
)
− g¯s(ei, ∂iΓkjjek + ΓkjjΓ¯ℓikeℓ)
= ∂iΓ
i
jj − ∂iΓijj = 0.
Finally,
III = g¯s(∇gsei ei,∇gsejej) = g¯s(Γkiiek,Γℓjjeℓ) = 0,
so
(2.21) |Xs|g¯s ≤
c√
s
.
Then (2.2) implies (2.19).
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We now estimate the drift. Fix some p ∈ M , and write p = χ−1s (q) for some q. Then,
by [3, (A.9)], we have
|∂sχs(p)|g¯t = |(∂sχs)(χ−1s (q))|g¯t = |Xg¯s(gs)(q)|g¯t ≤
c√
s
.
. Therefore, for 0 < t1 < t2 and p ∈M ,
dg¯(t1)(χt1(p), χt2(p)) ≤
∫ t2
t1
∣∣∣∣ ∂∂sdg¯t1 (χt1(p), χs(p))
∣∣∣∣
g¯t
ds
≤
∫ t2
t1
|∇g¯t1dg¯t1 (χt1(p), ·)|g¯t |∂sχs(p)|g¯tds
≤ c(n)
∫ t2
t1
|∂sχs(p)|g¯tds ≤ c
∫ t2
t1
1√
s
ds = c(
√
t2 −
√
t1).

2.2. Maximum principle and evolution of the scalar curvature under Ricci and
Ricci-DeTurck flow. The scalar curvature under the Ricci flow evolves by
(2.22) ∂tR = ∆
g¯(t)R+ 2|Ric |2;
see [17, Proposition 2.5.4]. Making an orthogonal decomposition, we may conclude that
(2.23) ∂tR ≥ ∆g¯(t)R+ 2
n
R2;
this is [17, Corollary 2.5.5].
If instead, g(t) is a Ricci-DeTurck flow, then recall that g(t) = (χ−1t )
∗g¯(t) for some Ricci
flow g¯(t), where the family (χt) satisfies (2.7) and X is the corresponding vector field.
Therefore, pushing forward (2.23) by (χt) we find that, under the Ricci-DeTurck flow,
(2.24) ∂tR ≥ ∆g(t)R− 〈X,∇R〉+ 2
n
R2;
see also [2, p.6]. It follows that, if g(t) is a Ricci or Ricci-DeTurck flow on a closed manifold,
starting from a smooth initial metric, and defined on the interval [0, T ], then if Rg0 ≥ κ,
we have (cf. [17, Theorem 3.2.1])
(2.25) Rg(t) ≥ κ
1− (2κn t) for all t ∈ [0, T ].
A more general bound that follows from the maximum principle is the following (cf. [17,
Corollary 3.2.5]): suppose g(t) is a Ricci or Ricci-DeTurck flow on a closed manifold, for
t ∈ (0, T ]. Then
(2.26) R ≥ − n
2t
for all t ∈ (0, T ].
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2.3. Heat kernel for the Ricci flow. If E is a vector bundle over M and L is a second
order linear differential operator acting on sections of E, then the heat kernel associated
to L is the family (kt) ∈ C∞(M ×M × R+ → E ⊗ E∗) satisfying
(2.27) (∂t + L)kt(·, y) = 0, lim
tց0
kt(·, y) = δy idEy .
for all y ∈M .
If h(x, t) solves
(2.28) (∂t + L)ht = Q[ht], h(0) = h0
and kt(x, y) is the corresponding heat kernel on the background g¯(t), then we have the
representation formula
(2.29) ht(x) =
∫
M
kt(x, y)h0(y)dg¯0(y) +
∫
M×[0,t]
kt−s(x, y)Q[hs](y)dg¯s(y)ds.
We will be interested in the cases where E = Sym2(T ∗M) and E = M × R, and L is an
operator on a Ricci or Ricci-DeTurck flow background. We will sometimes write k(x, t; y, s)
for kt−s(x, y), where s ≤ t. Henceforth we will denote by Φ¯ the scalar heat kernel for the
operator ∂t −∆ on a Ricci flow background.
It is a computation to show:
Lemma 2.2. Let g¯(t) be a Ricci flow on a manifold M with complete time slices, defined
on [T1, T2]. Now consider the rescaled Ricci flow on M , ˆ¯g(t) := λ
−1g(λt + T1), which is a
Ricci flow defined for t ∈ [0, λ−1(T2−T1)], as discussed in §2.1. Let Φ¯ be the heat kernel for
the Ricci flow background, and ˆ¯Φ be the heat kernel for the rescaled Ricci flow background
ˆ¯g(t). Then
(2.30) ˆ¯Φ(x, t; y, s) = λn/2Φ¯(x, tˆ, y, sˆ),
where tˆ := λt+ T1 and sˆ := λs+ T1.
The following is a consequence of [5, Lemma 26.23] and is essentially [5, Theorem 26.25]
for the Ricci flow:
Theorem 2.3. Suppose that g¯(t) is a Ricci flow on M × [0, T ] with complete time slices
that satisfies sup[0,T ] |Ric | < ∞. Then there exist constants C = C(n, T sup |Ric |) < ∞
and D = D(T sup |Ric |) < ∞ such that, if Φ¯ is the heat kernel on the background g¯(t),
then
(2.31) Φ¯(x, t; y, s) ≤
C exp
(
−d2
g¯(0)
(x,y)
D(t−s)
)
vol
1/2
g¯(0)Bg¯(0)
(
x,
√
t−s
2
)
vol
1/2
g¯(0)Bg¯(0)
(
y,
√
t−s
2
) .
Proof. If we allow the constants to have the dependencies C = C(n, T, sup |Ric |) and
D = D(T, sup |Ric |) (i.e. the constants may depend on the individual values of T and
sup |Ric | rather than the product) then proof is identical to that of [5, Theorem 26.25].
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Now suppose that we have two Ricci flows g¯′ and g¯′′ onM that have complete times slices
on [0, T ′] and [0, T ′′] respectively, such that T ′ sup[0,T ′] |Ric(g¯′)| = T ′′ sup[0,T ′′] |Ric(g¯′′)|.
Denote by Φ¯′ and Φ¯′′ the heat kernels of g¯′ and g¯′′ respectively. We now use the notation
of Lemma 2.2. We take T1 = 0 and λ = T
′′/T ′, and parabolically rescale g¯′′ by λ−1 as
described in Lemma 2.2 to obtain the Ricci flow ˆ¯g′′ with heat kernel ˆ¯Φ′′. The rescaled flow
ˆ¯g′′ is defined on [0, λ−1T ′′] = [0, T ′] and satisfies
sup
[0,T ′]
|Rm |(ˆ¯g′′) = T
′′ sup[0,T ′′] |Rm |(g¯′′)
T ′
=
T ′ sup[0,T ′] |Rm |(g¯′)
T ′
= sup
[0,T ′]
|Rm |(g¯′).
As discussed in the first paragraph, there are constants C = C(n, T, sup |Ric |) and
D = D(T, sup |Ric |) such that
Φ¯′(x, t; y, s) ≤
C exp
(
−d2
g¯′(0)
(x,y)
D(t−s)
)
vol
1/2
g¯′(0)Bg¯′(0)
(
x,
√
t−s
2
)
vol
1/2
g¯′(0)Bg¯′(0)
(
y,
√
t−s
2
) .
Because ˆ¯g′′ satisfies the same upper bonds on the time interval and the curvature as g¯′, we
have, for the same values of C and D:
(2.32)
λn/2Φ¯′′(x, tˆ, y, sˆ) = ˆ¯Φ′′(x, t; y, s) ≤
C3 exp
(
−d2ˆ¯g′′(0)(x,y)
C4(t−s)
)
vol
1/2
ˆ¯g′′(0)
Bˆ¯g′′(0)
(
x,
√
t−s
2
)
vol
1/2
ˆ¯g′′(0)
Bˆ¯g′′(0)
(
y,
√
t−s
2
) .
where the first equality is due to Lemma 2.2. The rest is a computation. We have
(2.33) dˆ¯g′′(0)(x, y) =
√
λ
−1
dg¯′′(0)(x, y)
for all x, y ∈M . Therefore,
exp
(−d2ˆ¯g′′(0)(x, y)
D(t− s)
)
= exp
(−d2g¯′′(0)(x, y)
D(tˆ− sˆ)
)
and
Bˆ¯g′′(0)
(
x,
√
(t− s)
2
)
= Bg¯′′(0)

x,
√
(tˆ− sˆ)
2

 .
Therefore,
volˆ¯g′′(0)Bˆ¯g′′(0)
(
x,
√
t− s
2
)
=
∫
Bˆ¯g′′(0)
(
x,
√
t−s
2
)
√
det((ˆ¯g′′(0))ij)dx1 ∧ . . . ∧ dxn
=
∫
Bg¯′′(0)
(
x,
√
(tˆ−sˆ)
2
) λ−n/2
√
det((g¯′′(0))ij)dx1 ∧ . . . ∧ dxn
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= λ−n/2 volg¯′′(0)Bg¯′′(0)

x,
√
tˆ− sˆ
2

 .
Inserting these computations into (2.3), we find
(2.34) Φ¯′′(x, tˆ; y, sˆ) ≤
C exp
(
−d2
g¯′′(0)
(x,y)
D(tˆ−sˆ)
)
vol
1/2
g¯′′(0)Bg¯′′(0)
(
x,
√
tˆ−sˆ
2
)
vol
1/2
g¯′′(0)Bg¯′′(0)
(
y,
√
tˆ−sˆ
2
) .
for the same constants C and D. 
Lemma 2.4. Fix t0 > 0 and let g¯(t) be a Ricci flow with complete time slices on the time
interval [ t02 , t0]. Suppose also that g¯(t) satisfies a curvature bound of the form |Rm | ≤ ct .
There exist constants C = C(n, c) < ∞ and D(c) < ∞ such that for all x, y ∈ M,s < t ∈
[ t02 , t0], we have
(2.35) Φ¯(x, t; y, s) ≤
C exp
(
−d2
g¯(t0/2)
(x,y)
D(t−s)
)
vol
1/2
g¯(t0/2)
Bg¯(t0/2)
(
x,
√
t−s
2
)
vol
1/2
g¯(t0/2)
Bg¯(t0/2)
(
y,
√
t−s
2
) .
Proof. This follows immediately from Theorem 2.3, after shifting the time interval to begin
at 0. 
If instead we consider the representation formula (2.29) for (0, 2)-tensors, we may still
derive exponential estimates on the corresponding heat kernel. To this end, we now record
a version of parabolic interior estimates that will be useful for our setting. We first define
the following norms; see also [1, Page 422]: Fix α ∈ (0, 12). If Q ⊂ Rn× [0, T ] is a parabolic
domain, and
(2.36) r := min{r′ : Q ⊂ B(p, r′)× [t− (r′)2, t] for some (p, t) ∈M × [0, T ]},
then let
(2.37) ||u||C2m,2α;m,α(Q) :=
∑
|ι|+2k≤2m
r|ι|+2k(||∇ι∂kt u||C0(Q) + r2α[∇ι∂kt u]2α,α).
Lemma 2.5. For k = 1, 2, 3, there exists ck = c(n, α, k) such that the following is true:
If (g¯(t))t∈[0,T ] is a smooth Ricci flow and T is sufficiently small so that (2.4) holds, and
if u(x, t) is a time-dependent family of (0, 2)-tensors satisfying (∂t −∆g¯(t))u = 0, then we
have
(2.38) ||∇ku||C0(Bg¯0 (x,r)×[t−r2,t]) ≤ ckr
−k||u||C0(Bg¯0 (x,2r)×[t−4r2,t])
for all r2 < t ≤ T .
Remark 2.6. They key point here is that, by making T small enough so that (2.4) holds,
the constants ck do not depend on the choice of Ricci flow g¯(t).
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Proof of Lemma 2.5. First suppose that (2.4) is true for T = 1, and Bg¯0(x, 1) is contained
in an exponential coordinate chart for g¯0. Then the result is immediate from [13, Theorem
8.12.1], and is independent of g¯(t) since (2.4) implies that |∂mg¯ij | ≤ 101 for |m| ≤ 3. Now
fix arbitrary 0 < r ≤ √T and x ∈ M . Pick exponential coordinates for g¯0 based at x,
so that Bg¯0(x, r) is contained within an exponential coordinate chart. We parabolically
rescale u and g¯ by r−2 to find that uˆ and ˆ¯g satisfy (∂t −∆ˆ¯g(t))uˆ = 0. Moreover, by (2.4),
we have |∂m ˆ¯gij(t)| ≤ 101r2 ≤ 101, so for the same constant c we find
||∇ku||C2,2α;1,α(Bg¯0 (x,r)×[t−r2,t]) = ||∇
kuˆ||C2,2α;1,α(Bg¯0 (x,1)×[tr−2−1,tr−2])
≤ c||uˆ||C0(Bg¯0 (x,2)×[tr−2−4,tr−2]) = c||u||C0(Bg¯0 (x,2r)×[t−4r2,t]).

Let K¯ denote the heat kernel for (0, 2)-tensors on a Ricci flow background correspond-
ing to the differential operator ∂t + L, where L is the linear operator from (2.8). If we
assume that g¯(t) satisfies the curvature bound |Rm |(g¯(t)) ≤ c, then, by Kato’s inequal-
ity, ∂t|K¯t(·, y)| ≤ ∆|K¯t|(·, y) + c|K¯t|(·, y) in the barrier sense for all fixed y ∈ M , so
|K¯t(x, y)| ≤ ectΦ¯t(x, y), where Φ¯ denotes the scalar heat kernel for the Ricci flow on M , as
before. We now record some estimates for K¯t (cf. [4, p.32]).
Corollary 2.7. Let g¯(t) be a Ricci flow with complete time slices and heat kernel K¯.
Suppose g¯(t) satisfies the curvature bound |Rm |(g¯(t)) ≤ c. Then, for k = 0, 1, 2, 3, there
exist Ck = C(n, T c, k) and D = D(Tc) such that, for t sufficiently small so that (2.3) and
(2.4) hold, we have
|K¯t|(x, y) ≤ C0t−n/2 exp
(
−
d2g¯(0)(x, y)
Dt
)
and
|∇kK¯t|(x, y) ≤ Ckt−(k+n)/2 exp
(
−
d2g¯(0)(x, y)
Dt
)
,
(2.39)
where ∇ is the covariant derivative with respect to g¯(t).
Proof. The first statement follows immediately from Theorem 2.3 and (2.3), since |K¯t|(x, y) ≤
ect|Φ¯t(x, y)| < ecT |Φ¯t(x, y)|. The estimates on the higher derivatives follow from Lemma
2.5: for fixed y ∈M , let u(x, t) = K¯t(x, y), so that Lemma 2.5 implies
|∇ku(x, t)| ≤ ||∇ku||
C0(Bg¯0 (x,
√
t/8)×[ 7t8 ,t])
≤ ct−k/2||u||
C0(Bg¯0 (x,
√
t/2)×[ t2 ,t])
≤ Ct−k/2||Φ¯s(z, y)||C0((z,s)∈Bg¯0 (x,
√
t/2)×[ t2 ,t])
≤ Ct−(k+n)/2 exp
(
−d
2
g¯0(x, y)
2Dt
)
,
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with C adjusted, where the last line is as follows: we have, by Jensen’s inequality, d2g¯0(z, y) ≥
1
2d
2
g¯0(x, y)− d2g¯0(z, x), so for all z ∈ Bg¯0(x,
√
t/2), Theorem 2.3 and (2.3) imply
|Φ¯s(z, y)| ≤ Ct−n/2 exp
(
−d
2
g¯0(z, y)
2Dt
)
≤ Ct−n/2 exp
(
−d
2
g¯0(x, y)
2Dt
)
exp
(
d2g¯0(z, x)
4Dt
)
≤ Ct−n/2 exp
(
−d
2
g¯0(x, y)
2Dt
)
.

Lemma 2.8. Let g¯(t) be a Ricci flow with complete time slices and heat kernel K¯. Suppose
g¯(t) satisfies the curvature bound |Rm |(g¯(t)) ≤ c. Let ∇ denote the covariant derivative
with respect to g¯(t). Take T sufficiently small so that (2.3) and (2.4) hold. Then, for
k = 0, 1, 2, 3 there exist Ck = C(n, T c, k) and D = D(Tc) such that, for t ≤ T , we have
(2.40) |∇kK¯t(x, y)| ≤ Ck(dg¯(0)(x, y) +
√
t)−n−k
Moreover, for 0 < r ≤ √T , if dg¯(0)(x, y) ≥ r or s ≤ r
2
2 we have
|K¯r2−s|(x, y) ≤ C0r−n exp
(
−
d2g¯(0)(x, y)
2Dr2
)
|∇K¯r2−s|(x, y) ≤ C1r−n−1 exp
(
−
d2g¯(0)(x, y)
2Dr2
)
|∇2K¯r2−s|(x, y) ≤ C2r−n−2 exp
(
−
d2g¯(0)(x, y)
2Dr2
)
.
(2.41)
Also, ∫
M\Bg¯0 (x,r)
|K¯t(x, y)|dg¯0(y) ≤ C ′0 exp
(
− r
2
2Dt
)
∫
M\Bg¯0 (x,r)
|∇K¯t(x, y)|dg¯0(y) ≤
C ′1√
t
exp
(
− r
2
2Dt
)
,
(2.42)
where C ′k = C
′(n, T c, k).
Proof. The bounds (2.40) follow from Corollary 2.7 by observing that
exp
(
−
d2g¯(0)(x, y)
Dt
)
≤

 c(n + k)√
d2(x,y)
t + 1


n+k
=
(
c(n+ k)
√
t
d(x, y) +
√
t
)n+k
.
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The bounds (2.41) follow from Corollary 2.7 immediately in the case that s ≤ r2/2. On
the other hand, if d(x, y) ≥ r, then
(r2 − s)−n−k2 exp
(
−
d2g¯(0)(x, y)
D(r2 − s)
)
≤ (r2 − s)−n−k2
(
c(n+ k)
√
r2 − s
dg¯(0)(x, y) +
√
r2 − s
)n+k
exp
(
−
d2g¯(0)(x, y)
2D(r2 − s)
)
=
(
c(n + k)
dg¯(0)(x, y) +
√
r2 − s
)n+k
exp
(
−
d2g¯(0)(x, y)
2D(r2 − s)
)
≤
(
c(n+ k)
r +
√
r2 − s
)n+k
exp
(
−
d2g¯(0)(x, y)
2D(r2 − s)
)
≤
(
c(n + k)
r
)n+k
exp
(
−
d2g¯(0)(x, y)
2D(r2 − s)
)
.
The bounds (2.42) follow from Corollary 2.7 by integration and rescaling the metric, as
follows:∫
M\Bg¯(0)(x,r)
C0t
−n/2 exp
(
−
d2g¯(0)(x, y)
Dt
)
dg¯0 ≤ C0 exp
(
− r
2
2Dt
)∫
M\Bg¯(0)(x,r/
√
t)
exp
(
−
d2g¯(0)(x, y)
2D
)
dˆ¯g0
≤ C0 exp
(
− r
2
2Dt
)∫ ∞
0
vol(B−Tcs ) exp
(
− s
2
2D
)
ds
≤ C ′0 exp
(
− r
2
2Dt
)
,
where ˆ¯g = t−1g¯, and B−Tcs denotes a ball of radius s in a space of constant curvature −Tc,
since |Rm |(ˆ¯g) = t|Rm |(g¯) ≤ T |Rm |(g¯). The penultimate line is due to Bishop-Gromov.
The integral bound on the covariant derivative of K¯ follows similarly. 
2.4. Scalar heat kernel for the Ricci-DeTurck flow. In this section we push forward
the analysis on Φ¯ by diffeomorphisms to estimate the scalar heat kernel for the Ricci-
DeTurck flow.
Lemma 2.9. Let (g(t))t∈(0,T ] be a solution to the Ricci-DeTurck equation with respect to
a smooth background Ricci flow (g¯(t))t∈[0,T ], such that g(t) is uniformly (1 + b)-bilipschitz
to g¯(t) on [0, T ]. Take t0 sufficiently small so that (2.3) holds for the Ricci flow χ
∗
t gt,
where χt are as in (2.7), and suppose that g(t) is smooth on [
t0
2 , t0]. Let Φ(x, t; y, s) be the
heat kernel for the operator ∂t −∆g(t) −∇g(t)Xg¯(g), where X is as in (2.5). Suppose also that
g(t) satisfies a bound of the form |(∇g¯)mg(t)|g¯ ≤ ctm/2 for m = 1, 2 on [ t02 , t0]. Then there
exist constants C = C(n, c) < ∞ and D(c, b, T sup[0,T ] |Rm |(g¯(t))) < ∞ such that, for all
s, t ∈ [ t02 , t0], we have
(2.43) Φ(x, t; y, s) ≤ C
(t− s)n/2 exp
(
−d2g¯0(x, y)
D(t− s)
)
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Proof. We pull back Lemma 2.4 by diffeomorphisms, as in [2, Lemma 3]. Let Φ¯ be the heat
kernel with respect to the Ricci flow χ∗t g(t), so that Φ(x, t; y, s) = Φ¯(χ
−1
t (x), t;χ
−1
s (y), s).
First observe that, by Jensen’s inequality,
(2.44)
d2χ∗
t0/2
g(t0/2)
(χ−1t (x), χ
−1
t (y)) ≥ 12d2χ∗t0/2g(t0/2)(χ
−1
t (x), χ
−1
t (y))−d2χ∗
t0/2
g(t0/2)
(χ−1t (y), χ
−1
s (y)).
Then, by (2.3), (2.44), and (2.20), and Lemma 2.4 applied to χ∗t gt, we have
Φ(x, t; y, s) = Φ¯(χ−1t (x), t;χ
−1
s (y), s) ≤
C
(t− s)n/2 exp

−d
2
χ∗
t0/2
g(t0/2)
(χ−1t (x), χ
−1
s (y))
D(t− s)


≤ C
(t− s)n/2 exp

−d
2
χ∗
t0/2
g(t0/2)
(χ−1t (x), χ
−1
t (y))
D(t− s)

 exp

d2χ∗t0/2g(t0/2)(χ−1t (y), χ−1s (y))
D(t− s)


≤ C
(t− s)n/2 exp
(
−
d2χ∗t g(t)
(χ−1t (x), χ
−1
t (y))
D(t− s)
)
exp
(
d2χ∗t g(t)
(χ−1t (y), χ
−1
s (y))
D(t− s)
)
=
C
(t− s)n/2 exp
(
−
d2g(t)(x, y)
D(t− s)
)
exp
(
d2g(t)(y, χt ◦ χ−1s (y))
D(t− s)
)
=
C
(t− s)n/2 exp
(
−
d2g(t)(x, y)
D(t− s)
)
exp
(
d2g(t)(χs ◦ χ−1s (y), χt ◦ χ−1s (y))
D(t− s)
)
≤ C
(t− s)n/2 exp
(
−d
2
g¯0(x, y)
D(t− s)
)
exp
(
d2g¯0(χs ◦ χ−1s (y), χt ◦ χ−1s (y))
D(t− s)
)
≤ C
(t− s)n/2 exp
(
−d
2
g¯0(x, y)
D(t− s)
)
exp
(
(
√
t−√s)2
D(t− s)
)
≤ C
(t− s)n/2 exp
(
−d
2
g¯0(x, y)
D(t− s)
)
,
after adjusting the constants. 
Corollary 2.10. Let (g(t))t∈(0,T ] be a solution to the Ricci-DeTurck equation with respect
to a smooth background Ricci flow (g¯(t))t∈[0,T ], where we take T sufficiently small so that
(2.3) holds. Suppose that g(t) is smooth on [ t02 , t0] and uniformly (1+ b)-bilipschitz to g¯(t)
on [0, T ]. Let Φ(x, t; y, s) be the heat kernel for the operator ∂t − ∆g(t) − ∇g(t)Xg¯(g), where
X is as in (2.5). Suppose also that g(t) satisfies a bound of the form |(∇g¯)mg(t)|g¯ ≤ ctm/2
for m = 1, 2 on [ t02 , t0]. Then there exist constants C = C(n, c, T sup[0,T ] |Rm |(g¯(t))) <∞
and D(c, b, T sup[0,T ] |Rm |(g¯(t))) < ∞ such that, for any r > 0, and all s, t ∈ [ t02 , t0] with
s < t, we have
(2.45)
∫
M\Bg¯0 (x,r)
Φ(x, t; y, s)dgs(y) ≤ C exp
(
− r
2
D(t− s)
)
.
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Proof. The proof is similar to that of (2.42). We have, by Lemma 2.9, (2.2), and Bishop-
Gromov,
∫
M\Bg¯0 (x,r)
Φ(x, t; y, s)dgs(y) ≤ C
∫
M\Bg¯0 (x,r)
exp
(
−d
2
g¯(t0/2)
(x,y)
D(t−s)
)
(t− s)n/2
≤ C exp
(
− d
2
g¯0(x, y)
2D(t− s)
)∫ ∞
0
vol(B
− sup |Rm |(g˜)(t−s)
s′ ) exp
(
− s
′2
2D
)
ds′
≤ C exp
(
− d
2
g¯0(x, y)
2D(t− s)
)
.

2.5. Analytic preliminaries. In §3 we make use of the following result concerning higher
order derivatives of a tensor field on a manifold.
Lemma 2.11. There exists C = C(n, q, ℓ,K, ρ) such that if (Mn, g) is a closed manifold
with |∇k Rm | ≤ K for all 0 ≤ k ≤ ℓ and inj(M) ≥ ρ > 0, then, for any Cℓ (0, q)-tensor
field f and all 0 < r ≤ 1, 0 < a ≤ r, and all x ∈M , we have
a||∇f ||L∞(B(x,r)) + a2||∇2f ||L∞(B(x,r)) + · · ·+aℓ−1||∇ℓ−1f ||L∞(B(x,r))
≤ C||f ||L∞(B(x,r+a)) +Caℓ||∇ℓf ||L∞(B(x,r+a)).
(2.46)
In particular,
(2.47) ||∇kf ||L∞(B(x,r)) ≤
C
ak
||f ||L∞(B(x,r+a)) + Caℓ−k||∇ℓf ||L∞(B(x,r+a)).
Proof. We first show the case for a = r = 1. We proceed by contradiction, so suppose the
lemma is false and let Ci → ∞. Pick a sequence of counterexamples (Mi, gi, xi, fi) such
that
||∇gifi||L∞(Bgi (xi,1)) + ||(∇
gi)2fi||L∞(Bgi (xi,1)) · · ·+ ||(∇
gi)ℓ−1fi||L∞(Bgi (xi,1))
> Ci||fi||L∞(Bgi (xi,2)) + Ci||(∇
gi)ℓfi||L∞(Bgi (xi,2)).
(2.48)
Due to the bounds |Rm |(gi) ≤ K, inj(xi) ≥ ρ, we have smooth pointed convergence,
determined by maps φi : M∞ → Mi which are diffeomorphisms onto their images, such
that, on a subsequence, we have (Mi, gi, xi) → (M∞, g∞, x∞). Pass to this subsequence,
so that we may assume, without loss of generality, that Mi =M∞ for all i, by replacing fi
by fi ◦ φi. Moreover, (2.48) implies that
||∇fi||L∞(B(x∞ ,1)) + ||∇2fi||L∞(B(x∞,1)) · · ·+ ||∇ℓ−1fi||L∞(B(x∞,1))
≥ ||∇gifi||L∞(Bgi (xi,1)) + ||(∇
gi)2fi||L∞(Bgi (xi,1)) · · ·+ ||(∇
gi)ℓ−1fi||L∞(Bgi (xi,1)) − εi
> Ci||fi||L∞(Bgi (xi,2)) + Ci||(∇
gi)ℓfi||L∞(Bgi (xi,2)) − εi
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≥ Ci||fi||L∞(B(x∞,2)) + Ci||∇ℓfi||L∞(B(x∞ ,2)) − εi − δi
where εi and δi are some numbers that tend to 0 as i → ∞, ∇ denotes the covariant
derivative with respect to g∞, and B(p, r) denotes the ball of radius r with respect to g∞
about p.
Multiplying fi by the correct constant, we may assume that
(2.49) ||∇fi||L∞(B(x∞,1)) + · · · + ||∇ℓ−1fi||L∞(B(x∞,1)) = 1.
Since 1Ci → 0, (2.49) implies that ||fi||L∞(B(x∞ ,2)) + ||∇ℓfi||L∞(B(x∞,2)) ≤ 1/Ci + εi + δi,
so certainly ||fi||L∞(B(x∞,2)) and ||∇ℓfi||L∞(B(x∞,2)) are uniformly bounded with respect to
i. We wish to show that the ∇kfi are uniformly bounded and uniformly equicontinuous
within an exponential coordinate chart for g∞. Let U ⊂ B(x∞, 2) be one such chart.
For all k < ℓ the sequence {∇kfi} is uniformly bounded on U as follows: Fix 0 ≤ k < ℓ
and assume that {∇k+1fi} is uniformly bounded on U , so that the argument may be applied
iteratively. Let y ∈ U , and let γ be a minimizing geodesic from xi to y, parametrized by
arclength. Then, using (2.49) and the mean value theorem, we have
|∇kfi(y)| ≤ max
t∈[0,d(xi,y)]
d
dt
∣∣∣∇kfi(γ(t))∣∣∣ d(xi, y) + |∇kfi(xi)|
≤ max
t∈[0,d(xi,y)]
1
|∇kfi(γ(t))| 〈∇
kfi(γ(t)),∇γ˙(t)∇kfi(γ(t))〉d(xi, y) + 1
≤ sup
i∈N
||∇k+1fi||L∞(U) diam(U) + 1,
so {∇kfi} is uniformly bounded on U . We now show that the ∇kfi are uniformly equicon-
tinuous within U . For multiiindices k and m we have that
∇kfi = ∇k
(
fa1a2···aqdx
a1 ⊗ dxa2 ⊗ · · · ⊗ dxaq)
=
|k|∑
|m|=0
(
∂mfa1a2···aq
)∇k−m (dxa1 ⊗ dxa2 ⊗ · · · ⊗ dxaq )
Then we may inductively show that ∂kfa1a2···aq are uniformly bounded on U because |∇kfi|,
∂mfa1a2···aq for |m| < |k|, and Christoffel symbols and first k derivatives of the Christoffel
symbols are all uniformly bounded with respect to i on U . Then, for y and y′ within U ,
we have
|∂kfi(y)− ∂kfi(y′)| ≤ max
a1,a2,...,aq
||∂k+1(fi)a1a2···aq ||L∞(U)|y − y′|
≤ c|y − y′|,
where c is some constant independent of i, and depends on upper bounds for the first k
derivatives of Rm(g∞). Therefore, the Arzela´-Ascoli theorem implies that, on a subse-
quence, fi converges in C
ℓ−1
loc (U) to some limiting tensor. After covering B(x∞, 1.5) by
exponential coordinate charts, we find that the fi converge on a subsequence to a limiting
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f∞ in Cℓ−1(B(x∞, 1.1)). Pass to this subsequence to find
0 = lim
i→∞
1
Ci
+ εi + δi ≥ lim
i→∞
||fi||L∞(B(x∞,1.1)) = ||f∞||L∞(B(x∞,1.1)),
so f∞ ≡ 0 on B(x∞, 1.1). On the other hand,
1 = lim
i→∞
(
||∇fi||L∞(B(x∞,1)) + · · ·+ ||∇ℓ−1fi||L∞(B(x∞,1))
)
= ||∇f∞||L∞(B(x∞,1)) + · · ·+ ||∇ℓ−1f∞||L∞(B(x∞,1)),
so we cannot have ||∇f∞||L∞(B(x∞,1)) = ||∇2f∞||L∞(B(x∞,1)) = · · · = ||∇ℓ−1f∞||L∞(B(x∞,1)) =
0. This is a contradiction, so we find that there exists C such that, for any (M,g, x, f),
(2.50)
||∇f ||L∞(B(x,1))+||∇2f ||L∞(B(x,1))+· · ·+||∇ℓ−1f ||L∞(B(x,1)) ≤ C||f ||L∞(B(x,2))+C||∇ℓf ||L∞(B(x,2)).
We now show the case for 0 < a = r < 1. If (M,g) is any Riemannian manifold satisfying
the hypotheses of the lemma, 0 < r < 1, x ∈M , and f a Cℓ (0, q)-tensor field on M , then
the rescaled metric g′ := r−2g satisfies |Rm |(g′) ≤ r2K < K and inj(M,g′) ≥ ρ/r > ρ, so
we may apply (2.50) to g′ to find
rq+1||∇f ||L∞(Bg(x,r)) + rq+2||∇2f ||L∞(Bg(x,r)) + · · ·+ rq+ℓ−1||∇ℓ−1f ||L∞(Bg(x,r))
= ||∇f ||L∞(Bg′ (x,1)) + ||∇2f ||L∞(Bg′ (x,1)) + · · ·+ ||∇ℓ−1f ||L∞(Bg′ (x,1))
≤ C||f ||L∞(Bg′ (x,2)) + C||∇ℓf ||L∞(Bg′ (x,2))
= Crq||f ||L∞(Bg(x,2r)) +Crq+ℓ||∇ℓf ||L∞(Bg(x,2r)),
(2.51)
where C is the constant from (2.50).
We now handle the case where we have a < r. Let y ∈ B(x, r). Then y ∈ B(x′, a) for
some x′ with d(x, x′) ≤ r − a (by choosing x′ along a minimizing geodesic from x to y).
Note that B(x′, 2a) ⊂ B(x, r + a) so, by (2.51), we have
a|∇f |(y) + a2|∇2f |(y) + · · · + aℓ−1|∇ℓ−1f |(y) ≤ C||f ||L∞(B(x′,2a)) + Caℓ||∇ℓf ||L∞(B(x′,2a))
≤ C||f ||L∞(B(x,r+a)) + Caℓ||∇ℓf ||L∞(B(x,r+a)),
whence follows the result. 
We now record the following version of Young’s convolution inequality for heat kernels;
this is essentially [16, Theorem 0.3.1].
Lemma 2.12. Let kt(·, ·) be a heat kernel for some operator on M , and let Q be a time-
dependent family of tensor fields of the appropriate shape on M . Suppose 1p +
1
q =
1
r + 1.
Let U ⊂M , and let I and J be time intervals. Suppose also that
max
{
sup
(x,t)∈U×J
(∫
I
∫
M
|kt−s(x, y)|pdyds
)1/p
, sup
(y,s)∈M×I
(∫
J
∫
U
|kt−s(x, y)|pdxdt
)1/p}
≤ B.
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If Q ∈ Lq(M × I), then
(2.52)
∣∣∣∣
∣∣∣∣
∫
M×I
kt−s(x, y)Q(y, s)dyds
∣∣∣∣
∣∣∣∣
Lr((x,t)∈U×J)
≤ B||Q||Lq(M×I).
3. Regularity of solutions to the integral equation
The purpose of this section is to discuss properties of solutions to the integral equa-
tion that corresponds to the Ricci-DeTurck flow. For convenience, we consider the Ricci-
DeTurck flow on a smooth Ricci flow background, g¯(t). Let K¯ denote the (0, 2)-tensor heat
kernel associated to the background g¯(t) for the operator ∂t+L, where L is given by (2.9).
We study the integral equation that corresponds to the perturbation equation (2.8):
h(x, t) =
∫
M
K¯(x, t; y, 0)h0(y)dg¯0(y) +
∫
M×[0,t]
K¯(x, t; y, s)Q0s(y) +∇∗K¯(x, t; y, s)Q1s(y)dg¯s(y)
=: F [h, h0].
(3.1)
Having discussed the existence of a solution to the integral equation (3.1), we will then
show that such solutions are smooth away from t = 0, and satisfy certain derivative bounds.
To do this, we appeal to derivative estimates for smooth Ricci-DeTurck flows and properties
of the operator F [·, ·] defined by (3.1).
The existence of a solution to (3.1) is given by a fixed point argument as in [10]. As
such, we introduce their norms below. We also define weighted analogs of these norms,
which are not used in this section, but which we will use in the next section to study
the evolution under the Ricci-DeTurck flow of the difference of two metrics that agree to
greater-than-second order.
Definition 3.1. Let g¯(t) be a smooth Ricci flow on M defined on the time interval [0, T ],
where we take T < 1. Throughout we take all covariant derivatives with respect to g¯(t),
and measure all balls and take all absolute values with respect to g¯(0), which is uniformly
bilipschitz to g¯(t) on this interval by (2.2). We define the following localized versions of
the Banach spaces introduced in [10].
X(B(x, r)) =
{
h ∈ L∞loc ∩ W˙ 1,2loc ∩ W˙ 1,n+4loc : ||h||X(B(x,r)) = sup
0<t<T
||ht||L∞(B(x,r))
+
(
r−n/2||∇h||L2(B(x,r)×(0,r2)) + r
2
n+4 ||∇h||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
<∞
}
,
and
Y (B(x, r)) = {f : ||f ||Y (B(x,r)) <∞}, where
||f ||Y (B(x,r)) = inf{||f0||Y 0(B(x,r)) + ||f1||Y 1(B(x,r)) : f0 ∈ Y 0(B(x, r)), f1 ∈ Y 1(B(x, r)),
and f = f0 +∇∗f1},
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||f ||Y 0(B(x,r)) = r−n||f ||L1(B(x,r)×(0,r2)) + r
4
n+4 ||f ||
L
n+4
2 (B(x,r)×( r
2
2 ,r
2))
||f ||Y 1(B(x,r)) = r−n/2||f ||L2(B(x,r)×(0,r2)) + r
2
n+4 ||f ||
Ln+4(B(x,r)×( r
2
2 ,r
2))
.
More precisely, we take the Banach spaces to be the completions with respect to their
respective norms of the smooth time-dependent families of (0, 2)-tensor fields on M for
which the aforementioned norms are finite.
The following three norms are due to Koch and Lamm (see, for instance, [10, Page
225]); the difference between their setting and ours being that they employ a stationary
background metric, while ours evolves by the Ricci flow.
XT =
{
h : ||h||X = sup
x∈M
0<r2<T
||h||X(B(x,r)) <∞
}
and YT = {f : ||f ||Y <∞}, where
||f ||Y = inf{||f0||Y 0T + ||f1||Y 1 : f0 ∈ Y
0
T , f1 ∈ Y 1T , f = f0 +∇∗f1}, and where
||f ||Y 0 = sup
x∈M
0<r2<T
||f ||Y 0(B(x,r)) and ||f ||Y 1 = sup
x∈M
0<r2<T
||f ||Y 1(B(x,r)).
In most cases we will suppress the T , and simply write X and Y to mean XT and YT
respectively. For γ > 0, we set Xγ := {f ∈ X : ||f ||X ≤ γ}.
We now define some weighted norms, which we will use in the next section. These are
similar to the unweighted norms that we have just introduced, but they are equipped with
a greater-than-second-order weight designed to offset the evolution of metrics that agree
to greater than second order near a point.
For a ≥ 0, t ∈ [0, T ], x ∈M , and some given η > 0, let wa(x, t) denote the greater-than-
second-order weight given by
(3.2) wa(x, t) := max{(d(x0, x) +
√
t+ a)−2−η , 1}.
Observe that w0(·, ·) is not defined at (x0, 0). We say that two initial metrics g′0 and g′′0
agree to greater than second order around x0 if there is some η such that ||w0(·, 0)(g′0 −
g′′0 )||L∞(B(x0,R)) <∞ for some R > 0. For a fixed point x0 ∈M , exponent η > 0, and time
T , we define the weighted Banach spaces
X˜a(B(x, r)) =
{
h ∈ L∞loc ∩ W˙ 1,2loc ∩ W˙ 1,n+4loc : ||h||X˜a(B(x,r)) := sup
0<t<T
||wa(t)ht||L∞(B(x,r))
+ wa(x, r
2)
(
r−n/2||∇h||L2(B(x,r)×(0,r2)) + r
2
n+4 ||∇h||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
<∞
}
,
Y˜a(B(x, r)) = {f : ||f ||Y˜a(B(x,r)) <∞}, where
||f ||Y˜a(B(x,r)) = inf{||f0||Y˜ 0a (B(x,r)) + ||f1||Y˜ 1a (B(x,r)) : f0 ∈ Y˜
0
a (B(x, r)), f1 ∈ Y˜ 1a (B(x, r)),
and f = f0 +∇∗f1}
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||f ||Y˜ 0a (B(x,r)) = wa(x, r
2)
(
r−n||f ||L1(B(x,r)×(0,r2)) + r
4
n+4 ||f ||
L
n+4
2 (B(x,r)×( r
2
2 ,r
2))
)
||f ||Y˜ 1a (B(x,r)) = wa(x, r
2)
(
r−n/2||f ||L2(B(x,r)×(0,r2)) + r
2
n+4 ||f ||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
.
Because the representation formula (3.1) requires integration over the entire manifold,
it is often necessary to consider weighted norms that are not localized to a particular
neighborhood of x0. To this end, we define
X˜a =
{
h : ||h||X˜a = sup
x∈M
0<r2<T
||h||X˜a(B(x,r)) <∞
}
and Y˜a = {f : ||f ||Y˜a <∞}, where
||f ||Y˜a = inf{||f0||Y˜ 0a + ||f1||Y˜ 1a : f0 ∈ Y˜
0
a , f1 ∈ Y˜ 1a , f = f0 +∇∗f1}, and where
||f ||Y˜ 0a = supx∈M
0<r2<T
||f ||Y˜ 0a (B(x,r)) and ||f ||Y˜ 1a = supx∈M
0<r2<T
||f ||Y˜ 1a (B(x,r)).
Remark 3.2. By definition, any element of X is continuous (for positive times), because it
is a locally uniform limit of smooth tensor fields.
In order to state our main result, we must know that there exists a solution to the
Ricci-DeTurck flow equation starting from C0 initial data:
Lemma 3.3. For any smooth Ricci flow g¯(t) on a closed manifold Mn, defined for t ∈
[0, T ], if T is sufficiently small so that (2.3) and (2.4) hold, there exist constants ε(n, T sup[0,T ] |Rm |(g¯)),
C(n, T sup[0,T ] |Rm |(g¯)) > 0 such that the following is true:
For every metric g0 ∈ C0(M) such that ||g0 − g¯(0)||L∞(M) < ε, there exists a solution
gt ∈ g¯(t) + XT of the integral equation (3.1) with ||gt − g¯(t)||XT ≤ C||g0 − g¯(0)||L∞(M).
Furthermore, the solution is unique in {gt : ||gt − g¯(t)||XT ≤ Cε < 1}.
Moreover, there exist constants ε = ε(n), C = C(n) such that the following is true:
For every metric g0 ∈ C0(M) and every smooth background metric g¯0 on M , if ||g0 −
g¯(0)||L∞(M) < ε and g¯(t) is the Ricci flow starting from g¯0, then there exists T = T (g¯(t))
sufficiently small so that (2.3) and (2.4) hold, and such that there is a solution gt ∈ g¯(t) +
XT to the integral equation (3.1) with ||gt − g¯(t)||XT ≤ C||g0 − g¯(0)||L∞(M). Furthermore,
the solution is unique in {gt : ||gt − g¯(t)||XT ≤ Cε < 1}.
The main result of this section is:
Corollary 3.4. Let ε be as in the second statement in Lemma 3.3. There exists a positive
constant ε′ = ε′(n) ≤ ε such that the following is true:
Let g0 ∈ C0(M) and g¯(t) be a smooth Ricci flow defined on some positive time interval.
Let T be as in the second statement in Lemma 3.3. Suppose ||g0 − g¯(0)||L∞(M) < ε′ and
let gt be the solution to (3.1) whose existence is assured by Lemma 3.3. Then there exists
T ′ = T ′(g¯(t)) < T and ck = c(m,n, supt∈[0,T ],ℓ≤k |∇ℓRm |(g¯(t))) such that gt is smooth on
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M × (0, T ′], continuous on M × [0, T ′], and satisfies
(3.3) |∇k(gt − g¯t)| ≤ ck
tk/2
||g0 − g¯0||L∞(M),
for all t ∈ (0, T ′], where ∇ denotes the covariant derivative with respect to g¯(t).
In particular, if gi is a sequence of C0 metrics on M such that gi
C0−−−→
i→∞
g, and gi(t),
g(t) are the Ricci-DeTurck flows with respect to g¯(t) starting from gi and g respectively,
then gi(t) converges locally smoothly to g(t) on M × (0, T ′].
Remark 3.5. In [10], Koch and Lamm proved the estimates (3.3) by applying the analytic
implicit function theorem and showing that, for a solution h to (3.1) on Rn with the
standard Euclidean metric as the background metric, the tensor ha,τ (x, τ) := h(x− at, τt)
is analytic in a and τ in a neighborhood of (a, τ) = (0, 0), and hence h is analytic in x and
in t. Because we do not work on Rn, this technique is not available to us. We will provide
an alternate proof later in this section, by iteratively applying parabolic interior estimates
and approximating h by smooth solutions to (3.1).
Remark 3.6. In [15], Simon showed that for a fixed complete background metric there is a
complete solution (g(t))t∈(0,T ] to the Ricci-DeTurck perturbation equation that converges
locally uniformly to the initial data and satisfies
(3.4) sup
x∈M
|∇ig(t)|(x) ≤ ci
ti/2
for all t ∈ (0, T ], where ci depends on the dimension and the first i covariant derivatives of
the curvature of the background metric; see [15, Theorem 1.1]. Because we will at times
study sequences of Ricci-DeTurck flows for which the initial data converges uniformly to
some limit, we require slightly different estimates, as in Corollary 3.4.
Proof of Lemma 3.3. The proof of the first statement follows from the Banach fixed point
theorem, and is extremely similar to much of the proof of [10, Theorem 4.3], with the
modification that the quadratic term is of the form Q0 + ∇∗Q1, where now |Q0| ≤
c(n, γ)(|∇h|2 + |Rm(g¯)||h|2), by (2.17). Nevertheless, this does not require a significant
change to their proof, as the |h|2-term may be absorbed into the L∞ part of ||h||2X in the
proof of [10, Lemma 4.1]. Lemma 4.4 is a weighted analog of the first part of [10, Lemma
4.1], and we deal with the addition of the |h|2-term more explicitly in the proof of that
lemma. The fixed point argument in [10] also requires a version of this result for a dif-
ference of two solutions, as stated in the second part of [10, Lemma 4.1]. We prove the
requisite result for our setting in Appendix A; see (A.1). Note that we do not make any
claims about the regularity of such a solution in the statement of this lemma, so we do
not need to perform an analog of Koch and Lamm’s application of the analytic implicit
function theorem.
To prove the second statement, let ε, C be the constants given by the first statement in
the case that T sup[0,T ] |Rm |(g¯) = 1. Then note that for any smooth Ricci flow defined on
a time interval [0, A], it is possible to find some T = T (sup[0,A] |Rm |(g¯(t))) such that (2.3)
and (2.4) hold, and such that T sup[0,A] |Rm |(g¯) ≤ 1. 
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Out next objective is to prove Corollary 3.4. We first prove a result concerning conver-
gence of the initial data.
Corollary 3.7. Let ε be as in the second statement in Lemma 3.3. There exists ε′′(n) ≤ ε
such that the following is true:
Let g0 be a C
0 metric onM and g¯(t) be a background Ricci flow with ||g0−g¯0||C0(M) ≤ ε′′.
Let gt denote the Ricci-DeTurck flow starting from g0 with respect to a background Ricci
flow g¯(t), in the sense of Lemma 3.3. Then g(t) converges uniformly to g0 as t→ 0. Thus,
g(t) is continuous in time.
Proof. Reduce ε as determined in Lemma A.2. Set ε′′ = ε/2. Let gi0 be a sequence of
smooth metrics on M that converge to g0 in C
0. Since ||g0 − g¯0||C0(M) < ε′′, we have, for
sufficiently large i, ||gi0 − g¯0||C0(M) < ε = 2ε′′. Let gi(t) denote the Ricci-DeTurck flow
starting from gi0 with respect to g¯(t). Since the g
i
0 are smooth, g
i
t → gi0 uniformly as t→ 0.
Thus, Lemma A.2 implies
||gt − g0||C0(M) ≤ ||gt − git||C0(M) + ||git − gi0||C0(M) + ||gi0 − g0||C0(M)
≤ c(n)||g0 − gi0||C0(M) + ||git − gi0||C0(M) + ||gi0 − g0||C0(M).
We find
lim sup
t→0
||gt − g0||C0(M) ≤ (c(n) + 1)||g0 − gi0||C0(M) + lim sup
t→0
||git − gi0||C0(M)
= (c(n) + 1)||g0 − gi0||C0(M)
for all i. Letting i→∞, we find
(3.5) lim
t→0
||gt − g0||C0(M) = 0.

Proof of Corollary 3.4. First set ε′ ≤ ε′′, so that Corollary 3.7 implies that gt is continuous
on M × [0, T ]. Now fix α ∈ (0, 12), and measure all balls with respect to g¯0. We first show
the derivative estimates for a smooth (0, 2)-tensor u satisfying the evolution equation
(3.6)
(∂t+L)u = (g¯+u)
−1⋆(g¯+u)−1⋆∇u⋆∇u+[(g¯+u)−1−g¯−1]⋆Rm(g¯)⋆u+[(g¯+u)−1−g¯−1]⋆u⋆∇u,
where L is the linear operator L = ∆g¯t + 2Rmg¯t as in (2.8). Assume that we know
(3.7) ||u||C0(M×[0,T ]) ≤ C(n)||u0||C0(M) ≤
1
2
;
in our case this assumption will be satisfied due to the bound on the X-norm from Lemma
3.3, after reducing ε′ if necessary. Then we have
(3.8) |(g¯ + u)−1| ≤ c(n), |(g¯ + u)−1 − g¯−1| ≤ c(n)
by (2.14) and (2.15).
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Define a sequence of domainsQ1, Q2, . . ., byQn = Bg¯0
(
x, 2−∑ni=1 12i )×[−(1−∑ni=1 12i+1 )2, 0],
so that Bg¯0(x, 1)× [−14 , 0] is contained in all of these domains. By arguing as in the proof
of Lemma 2.5, it is sufficient to show the estimate
(3.9) ||∇mu||C0,2α;0,α(Qm) ≤ cm||u0||L∞(M)
on Qm, and to assume that the Qm are contained in an exponential coordinate chart on
which (2.4) is true. We will show that (3.9) is true for all m inductively.
By [1, Proposition 2.5] and (2.4) there exist ε1 and c1 depending only on α and the dimen-
sion, such that if ||u||L∞(Q1) < ε1, then ||u||C2,2α;1,α(Q2) ≤ c1||u||L∞(Q1) ≤ c1C||u0||L∞(M),
where C is as in (3.7). Now reduce ε′ further, so that ε′ ≤ ε1/C and (3.7) implies that
||u||C0(M) ≤ ε1. Then (3.9) is true for ∇u and ∇2u on Q2.
We estimate higher derivatives inductively. First observe that, because ∇ is the Levi-
Civita connection for g¯, we have
(3.10) ∇(g¯ + u)−1 = −(g¯ + u)−1 ⋆ (∇(g¯ + u)) ⋆ (g¯ + u)−1 = −(g¯ + u)−1 ⋆∇u ⋆ (g¯ + u)−1.
Now assume that (3.9) holds on Qk for all ∇ku with k ≤ m − 1. Observe that, after
commuting the derivatives (see [17, (2.1.6) and (2.3.3)]), appealing to (3.8) and (3.10), and
omitting constants that depend only on n and m,
(∂t + L)(∇mu) = ∇m[(∂t + L)u] +
m−1∑
i=0
∇iu ⋆∇Ric−∇Rm ⋆∇iu
=
m∑
i=0
m−i∑
j=0
m−i−j∑
k=0
[∇i(g¯ + u)−1] ⋆ [∇j(g¯ + u)−1] ⋆∇k+1u ∗ ∇m−i−j−k+1u
+
m∑
i=0
m−i∑
j=0
m−i−j∑
k=0
[∇i(g¯ + u)−1] ⋆ Rm(g¯) ⋆∇ku
+
m∑
i=0
m−i∑
j=0
[∇i((g¯ + u)−1 − g¯−1)] ⋆∇ju ⋆∇m−i−j+1u
+
m−1∑
i=0
∇iu ⋆∇Ric−∇Rm ⋆∇iu
= ∇m+1u ⋆∇u+ lower order terms
where “lower order terms” refers to terms involving derivatives of the curvature of the
background metric of order at most m and derivatives of u of order strictly less than m+1.
By [12, Theorem 8.11.1], there exists N depending on α, n, and ||Rm(g¯)||C0,2α;0,α(Qm−1)
such that
(3.11) ||∇m−2u||C2,2α;1,α(Qm) ≤ N(||∂tu+ Lu||C0,2α,0,α(Qm−1) + ||u||C0(Qm−1)).
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Then, inserting our analysis from above, we find
||∇m−2u||C2,2α;1,α(Qm) ≤ c||∇m−1u||C0,2α,0,α(Qm−1)||∇u||C0,2α,0,α(Qm−1) + lower order terms
≤ c||u0||L∞(M),
(3.12)
where c depends on n, m, α, and ||∇k Rm(g¯)||C0,2α;0,α(Qm−1) for k ≤ m, whence follows
(3.9) for ∇mu. After arguing as in the proof of Lemma 2.5 we find
(3.13) ||∇ku||
C0(Bg¯0 (x,
√
t/2)×[ 7t8 ,t])
≤ c
tk/2
||u0||C0(Bg¯0 (x,√t)×[t/2,t]),
for the same constant c.
Now let gi0 be a sequence of C
∞ metrics on M that converge to g0 in C0, and let git be
the Ricci-DeTurck flows starting from gi0 with respect to g¯(t). Fix t > 0 and k. Then, since
gi0 and hence g
i
t is smooth, (3.13) implies that
||∇k(gi − g¯)||
C0(Bg¯0 (x,
√
t/2)×[ 7t8 ,t])
≤ c
tk/2
||gi0 − g¯(0)||C0(M),
so that, on a subsequence, ∇k(gi− g¯) converges locally uniformly on [7t8 , t] to some contin-
uous limit. In particular, gt is smooth for fixed t > 0, and g
i
t → gt in C∞loc(M × (0, T ]); this
proves the second statement of Corollary 3.4. Moreover, after taking limits, we have
(3.14) |∇k(gt − g¯(t))| ≤ c
tk/2
||g0 − g¯(0)||L∞(M).

4. Stability for Ricci-DeTurck flows with initial metrics that agree to
greater than second order
The purpose of this section is to use the weighted norms introduced in Definition 3.1 to
bound the growth under the Ricci-DeTurck flow of the difference of two C0 metrics that
agree to greater than second order about a point at the initial time.
The main result of the section is the following theorem:
Theorem 4.1. Suppose g′0 and g
′′
0 are two C
0 metrics on closed n-manifolds M ′ and M ′′
respectively. Suppose also that there exists a locally defined diffeomorphism φ : U → V ,
where U ⊂ M ′ is some neighborhood of a point x′0 ∈ M ′′ and V ⊂ M ′′ is a neighborhood
of x′′0 = φ(x
′
0), and that φ
∗g′′ agrees to greater than second order with g′ around x′0, in the
sense of Definition 3.1.
Then there exist Ricci-DeTurck flows (g′t)t∈(0,T ′] and (g′′t )t∈(0,T ′′] starting from g′0 and g
′′
0
in the sense of Lemma 3.3 with respect to background Ricci flows g¯′(t) and g¯′′(t) respectively,
which satisfy
(4.1)
sup
0<t<T
||g′t − φ∗g′′t ||L∞(B(x′0,R)) ≤ (R+
√
t)2+η
[
c(n)||w0(0)(h′0 − h′′0)||L∞(B(x′0,4R)) + c(n,R)
]
,
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for all R <
√
T/4, where T = T (n, sup[0,T ′] |Rm(g¯′t)|, sup[0,T ′′] |Rm(g¯′′t )|, g¯′ − φ∗g¯′′) ≤
min{T ′, T ′′} is small enough so that (2.3) and (2.4) hold, c is some finite positive number,
and w0(0) is as in (3.2).
From Theorem 4.1 follows this key result about the scalar curvatures near the initial
time of such solutions.
Theorem 4.2. Suppose g′0 and g
′′
0 are two C
0 metrics on closed n-manifolds M ′ and M ′′
respectively. Suppose also that there exists a locally defined diffeomorphism φ : U → V ,
where U ⊂ M ′ is some neighborhood of a point x′0 ∈ M ′ and V ⊂ M ′′ is a neighborhood
of x′′0 = φ(x
′
0), and that φ
∗g′′ agrees to greater than second order with g′ around x′0, in the
sense of Definition 3.1.
Let g′t and g′′t be solutions to the Ricci-DeTurck flow equation on M ′ and M ′′ respectively,
starting from g′ and g′′, with respect to background Ricci flows g¯′(t) and g¯′′(t), t ∈ [0, T ],
as described in Theorem 4.1. Then
(4.2) sup
C>0

lim sup
t→0

 sup
Bg¯′0
(x′0,Ct
β)
|Rg′ |(t)



 = sup
C>0

lim sup
t→0

 sup
Bg¯′′0
(x′′0 ,Ct
β)
|Rg′′ |(t)



 ,
for β ∈ (1/(2 + η), 1/2), where Rg′ and Rg′′ denote the scalar curvatures with respect to g′
and g′′ respectively.
We record here some observations concerning the weight wa(x, t): Suppose that y ∈
B(x, 2
√
t). Then
1
(d(x, x0) +
√
t+ a)2+η
≥ 1
(d(y, x0) + d(x, y) +
√
t+ a)2+η
≥ 1
(d(y, x0) + 3
√
t+ a)2+η
≥ 3
−2−η
(d(y, x0) +
√
t+ a)2+η
(4.3)
so wa(x, t) ≥ 3−2−ηwa(y, t). Moreover, y ∈ B(x, 2
√
t) implies that x ∈ B(y, 2√t), so
exchanging x and y in the previous analysis implies wa(y, t) ≥ 3−2−ηwa(x, t). For s ≤ t,
(4.4) wa(x, s) ≥ wa(x, t).
Finally, note that for all (x, t) ∈ M × (0, T ) and (y, s) ∈ B(x,√t) × ( t2 , t), wa(x, t) is
comparable to wa(y, s), i.e. there is a universal constant C depending only on η such that
(4.5)
1
C
wa(x, t) ≤ wa(y, s) ≤ Cwa(x, t).
This holds because, by (4.3) and (4.4), we have
3−2−ηwa(x, t) ≤ wa(y, t) ≤ wa(y, s)
and
wa(y, s) ≤ wa(y, t/2) ≤
√
2
2+η
wa(y, t) ≤ (3
√
2)2+ηwa(x, t).
We now prove some pointwise bounds for solutions to the homogeneous problem.
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Lemma 4.3. Fix a smooth background Ricci flow g¯(t) defined for t ∈ [0, T ], where T is
small enough so that (2.3) and (2.4) hold, and let K¯t be the corresponding heat kernel for
the linear part of (2.8). Suppose that u0 is a C
0 (0, 2)-tensor on M , and let
u(x, t) =
∫
M
K¯(x, t; y, 0)u0(y)dg¯0(y).
We have
(4.6) sup
0<t<T
||wa(t)u(t)||L∞(M) ≤ c||wa(0)u0||L∞(M)
and
(4.7) sup
0<t<T
||wa(t)∇u(t)||L∞(M) ≤
c√
t
||wa(0)u0||L∞(M),
where c = c(n, T sup[0,T ] |Rm |(g¯(t))).
Proof. Fix x ∈M and t > 0. If wa(x, t) = 1, then using Corollary 2.7 and Bishop-Gromov,
we have
|w(x, t)u(x, t)| = |u(x, t)| ≤ c
∫
M
t−n/2 exp
(
−d
2
g¯0(x, y)
Dt
)
|u0(y)|dg¯0(y)
≤ c||u0||L∞(M)
∫
M
exp
(
−
d2ˆ¯g0
(x, y)
D
)
dˆ¯g0(y)
≤ c||u0||L∞(M)
∫ ∞
0
vol(B
−t sup[0,T ] |Rm |(g¯)
s ) exp
(
−s
2
D
)
ds
≤ c||u0||L∞(M) ≤ c||wa(0)u0||L∞(M),
where ˆ¯g0 := (1/t)g¯0. Similarly, we find
|w(x, t)∇u(x, t)| = |∇u(x, t)| ≤ c
∫
M
t−n/2
exp
(
−d2g¯0 (x,y)
Dt
)
√
t
|u0(y)|dg¯0(y)
≤ c√
t
||u0||L∞(M) ≤
c√
t
||wa(0)u0||L∞(M).
Now suppose wa(x, t) = (dg¯0(x, x0)+
√
t+a)−2−η. First observe that 1 ≤ (dg¯0(y, x0)+
√
t+
a)2+ηwa(y, t) for all y ∈M , t > 0. We appeal to (2.39), (2.42), and Jensen’s inequality to
find
wa(x, t)|u(x, t)| ≤ (dg¯0(x, x0) +
√
t+ a)−2−η
[ ∫
Bg¯0 (x,1)
|K¯t(x, y)||u0(y)|dg¯0(y)
+
∫
M\Bg¯0 (x,1)
|K¯t(x, y)||u0(y)|dg¯0(y)
]
≤ C(d(x, x0) +
√
t+ a)−2−η
(∫
Bg¯0 (x,1)
t−n/2 exp
(
−d2g¯0(x, y)
Dt
)
|u0(y)|dg¯0(y)
)
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+ C
√
t
−2−η
e−
1
2Dt ||u0||L∞(M)
≤ C
(∫
Bg¯0 (x,1)
t−n/2 exp
(
−d2g¯0(x, y)
Dt
)
(dg¯0(y, x0) +
√
t+ a)2+ηwa(y)
(dg¯0(x, x0) +
√
t+ a)2+η
|u0(y)|dg¯0(y)
)
+ C
√
t
−2−η
e−
1
2Dt ||u0||L∞(M)
≤ C||wa(0)u0||L∞(M)
(∫
Bg¯0 (x,1)
t−n/2 exp
(
−d2g¯0(x, y)
Dt
)
(dg¯0(x, y) + dg¯0(x, x0) +
√
t+ a)2+η
(dg¯0(x, x0) +
√
t+ a)2+η
dg¯0(y)
)
+ C
√
t
−2−η
e−
1
2Dt ||u0||L∞(M)
≤ C||wa(0)u0||L∞(M)
(∫
Bg¯0 (x,1)
t−n/2 exp
(
−d2g¯0(x, y)
Dt
)(
1 +
dg¯0(x, y)
2+η
√
t
2+η
)
dg¯0(y)
)
+ C
√
t
−2−η
e−
1
2Dt ||u0||L∞(M)
≤ C||wa(0)u0||L∞(M)
∫
M
exp
(
−
d2g¯′0
(x, y)
D
)(
1 + d2+η
g¯′0
(x, y)
)
dg¯′0(y) + C
√
t
−2−η
e−
1
2Dt ||u0||L∞(M)
≤ C||wa(0)u0||L∞(M)
∫ ∞
0
vol(B
−t sup[0,T ] |Rm |(g¯)
s ) exp
(
−s
2
D
)
(1 + s2+η)ds + C
√
t
−2−η
e−
1
2Dt ||u0||L∞(M)
≤ C||wa(0)u0||L∞(M)
The proof to show (4.7) is similar. 
We now bound the Y˜a-norm of the quadratic term of (2.8), cf. [10, Lemma 4.1].
Lemma 4.4. Fix a smooth background Ricci flow g¯(t) defined for t ∈ [0, T ]. If T is
sufficiently small so that (2.3) holds, then for every 0 < γ < 1 and every h ∈ Xγ we have
the estimate
(4.8)
||Q0[h] +∇∗Q1[h]||Y˜a(Bg¯0 (x,r)) ≤ c(n, γ, T sup[0,T ]
|Rm |(g¯(t)))||h||X(B(x,r)) ||h||X˜a(Bg¯0 (x,r)).
Proof. Let h ∈ Xγ(B(x, r)). Then, adopting the constants from (2.17), and using (4.3)
and (4.4), we find
||R0[h]||Y˜ 0a (B(x,r)) ≤ c(n, γ)wa(x, r
2)
(
r−n|||∇h|2||L1(B(x,r)×(0,r2)) + r
4
n+4 |||∇h|2||
L
n+4
2 (B(x,r)×( r
2
2 ,r
2))
+ r−n sup
[0,T ]
|Rm |(g¯)||h||2L∞(B(x,r)×(0,r2))rn+2 + r
4
n+4 sup
[0,T ]
|Rm |(g¯)||h||2
L∞(B(x,r)×( r
2
2 ,r
2))
(rn+2)
2
n+4
)
≤ c(n, γ)wa(x, r2)
(
r−n/2||∇h||L2(B(x,r)×(0,r2)) + r
2
n+4 ||∇h||
Ln+4(B(x,r)×( r
2
2 ,r
2))
+ T sup
t∈[0,T ]
|Rm |(g¯(t)) sup
0<t<T
||wa(t)ht||L∞(B(x,r))
)
×
(
r−n/2||∇h||L2(B(x,r)×(0,r2))
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+ r
2
n+4 ||∇h||
Ln+4(B(x,r)×( r
2
2 ,r
2))
+ ||ht||L∞(B(x,r))
)
≤ c(n, γ, T sup
[0,T ]
|Rm |(g¯(t)))||h||X(B(x,r)) ||h||X˜a(B(x,r)),
and, by (2.18),
||R1[h]||Y˜ 1a (B(x,r)) ≤ c(n, γ)wa(x, r
2)
(
r−
n
2 |||h||∇h|||L2(B(x,r)×(0,r2))
+ r
2
n+4 |||h||∇h|||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
≤ c sup
0<t<T
||ht||L∞(B(x,r))||∇h||Y˜ 1a (B(x,r)) ≤ c||h||X(B(x,r))||h||X˜a(B(x,r)).

We now bound the X˜a-norm of the homogeneous part of a solution to (3.1); cf. [10,
Lemma 2.2]
Lemma 4.5. Fix a smooth background Ricci flow g¯(t) defined for t ∈ [0, T ], and let K¯t be
the corresponding heat kernel for the linear part of (2.8). Let h0 be a C
0 (0, 2)-tensor on
M and h be the time-dependent family of (0, 2)-tensors on M given by
h(x, t) =
∫
M
K¯(x, t; y, 0)h0(y)dg¯0(y).
Then, for T sufficiently small so that (2.3) and (2.4) hold, we have
(4.9) ||h||X˜a ≤ c||wa(0)h0||L∞(M),
where c = c(n, T sup[0,T ] |Rm |(g¯(t))).
Proof. The bound on the L∞-term is handled by Lemma 4.3. To bound the L2-term, we
multiply by a cutoff function and integrate by parts, as follows. Let η : [0,∞) → [0, 1]
be a smooth cutoff function such that η ≡ 1 on [0, 1] and η ≡ 0 on [2,∞), with gradient
bounded by 2, say. For all x ∈ M and t > 0 let ηx,t = η(dg¯0(x, ·)/
√
t), so that |∇ηx,t|g¯t ≤
c(T sup[0,T ] |Rm |(g¯(t)))√
t
. We pair ηx,r2 with the evolution equation for h and integrate by parts
over M × [0, r2] to find:
1
2
∫
M
η2x,r2 |hr2 |2g¯0 −
1
2
∫
M
η2x,r2 |h0|2g¯0 =
∫ r2
0
∫
M
η2x,r2〈∂sh, h〉g¯0 =
∫ r2
0
∫
M
η2x,r2〈Lh, h〉g¯0
=
∫ r2
0
∫
M
η2x,r2〈∆g¯s +Rmg¯s(h), h〉g¯0
≤ eT sup[0,T ] |Rm |(g¯(t))
∫ r2
0
∫
M
η2x,r2〈∆g¯sh, h〉g¯(s) + eT sup[0,T ] |Rm |(g¯(t))
∫ r2
0
∫
M
η2x,r2〈Rmg¯s(h), h〉g¯s
≤ −c
∫ r2
0
∫
M
ηx,r2 |∇h|2g¯s + 2c
∫ r2
0
∫
M
ηx,r2 |∇ηx,r2 |g¯s |∇h|g¯s |h|g¯s + c
∫ r2
0
∫
M
η2x,r2 |Rmg¯s |g¯s |h|2g¯s
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≤ −c
∫ r2
0
∫
M
ηx,r2 |∇h|2g¯0 + 2c
∫ r2
0
∫
M
ηx,r2 |∇ηx,r2 |g¯0 |∇h|g¯0 |h|g¯0 + c
∫ r2
0
∫
M
η2x,r2 |Rmg¯s |g¯0 |h|2g¯0
so, using Young’s inequality, we find
0 ≤ 1
2
∫
M
η2x,r2 |h0|2 − c
∫ r2
0
∫
M
η2x,r2 |∇h|2 + 2c
∫ r2
0
∫
M
ηx,r2 |∇ηx,r2 ||∇h||h| + c
∫ r2
0
∫
M
η2x,r2 |Rm ||h|2
≤ 1
2
∫
M
η2x,r2 |h0|2 − c
∫ r2
0
∫
M
η2x,r2 |∇h|2 +
c
2
∫ r2
0
∫
M
η2x,r2 |∇h|2
+ 8c
∫ r2
0
∫
M
|∇ηx,r2 |2|h|2 + c
∫ r2
0
∫
M
η2x,r2 |Rm ||h|2
Thus we find
c
2
∫ r2
0
∫
M
η2x,r2 |∇h| ≤
1
2
∫
M
η2x,r2 |h0|2 + 8c
∫ r2
0
∫
M
|∇ηx,r2 |2|h|2 + c
∫ r2
0
∫
M
η2x,r2 |Rm ||h|2,
so, by (4.3) and (4.4), we have
wa(x, r
2)2r−n
∫ r2
0
∫
B(x,r)
|∇h|2 ≤ cwa(x, r2)2r−n
∫
B(x,2r)
|h0|2 + cwa(x, r
2)2r−n
r2
∫ r2
0
∫
B(x,2r)
|h|2
+ cwa(x, r
2)2r−n
∫ r2
0
∫
B(x,2r)
sup
[0,T ]
|Rm |(g¯)|h|2
≤ cr−n
∫
B(x,2r)
|wa(r2)h0|2 + cr
−n
r2
∫ r2
0
∫
B(x,2r)
|wa(r2)h|2 + cr−n
∫ r2
0
∫
B(x,2r)
sup
[0,T ]
|Rm |(g¯)|wa(r2)h|2
≤ cr−n
∫
B(x,2r)
|wa(0)h0|2 + cr
−n
r2
∫ r2
0
∫
B(x,2r)
|wah|2 + cr−n
∫ r2
0
∫
B(x,2r)
sup
[0,T ]
|Rm |(g¯)|wah|2
≤ cr−n(2r)n||wa(0)h0||2L∞(M) + cr−nr−2r2(2r)n||wah||2L∞(M×[0,r2])
+ cr−n(r2 sup
[0,T ]
|Rm |(g¯(t)))(2r)n||wah||2L∞
≤ c||wa(0)h0||2L∞(M),
where the last inequality follows from the pointwise bound (4.6) and (2.3). The Ln+4-term
follows from (4.7) and (4.5) by integration, as
wa(x, r
2)r
2
n+4
(∫ r2
r2/2
∫
B(x,r)
|∇h|n+4
) 1
n+4
≤ cr
2
n+4
(∫ r2
r2/2
∫
B(x,r)
|wa(y, s)∇h(y, s)|n+4
) 1
n+4
≤ c||wa(0)h0||L∞(M)r
2
n+4
(∫ r2
r2/2
∫
B(x,r)
(
√
s)−n−4
) 1
n+4
≤ c||wa(0)h0||L∞(M)r
2
n+4
(
r−n−4rn+2
) 1
n+4 ≤ c||wa(0)u0||L∞(M),
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also by (2.3). 
We now show (cf. [10, Lemma 4.2]):
Lemma 4.6. Fix a smooth background Ricci flow g¯(t) defined for t ∈ [0, T ], and let K¯t
be the corresponding heat kernel for the linear part of (2.8). Let h be the time-dependent
family of (0, 2)-tensors on M given by
h(x, t) =
∫ t
0
∫
M
K¯(x, t; y, s)Q(y, s)dg¯s(y)ds,
where Q = Q0 +∇∗Q1 ∈ Y˜a. Then, if T is sufficiently small so that (2.3) and (2.4) hold,
(4.10) ||h||X˜a(B(x,r)) ≤ c||Q||Y˜a .
for all x ∈M , 0 < r2 < T , where c = c(n, T sup[0,T ] |Rm |(g¯(t))).
Note here that the X˜a-norm is localized to B(x, r), but the Y˜a-norm is not local.
Proof. We estimate each term of the norm separately, making use of the representation
formula (2.29). Let (x′, t) ∈ Bg¯0(x, r)× (0, T ), and let Ω(x′, t) = Bg¯0(x′,
√
t)× ( t2 , t). Then
|wa(x′, t)ht(x′)| ≤ wa(x′, t)
∣∣∣∣∣
∫
Ω(x′,t)
K¯(x′, t; y, s)Q(y, s)dg¯s(yds
∣∣∣∣∣
+ wa(x
′, t)
∣∣∣∣∣
∫
M×[0,t]\Ω(x′,t)
K¯(x′, t; y, s)Q(y, s)dg¯s(y)ds
∣∣∣∣∣ =: I + II.
Using Ho¨lder’s inequality, we find that
I ≤ wa(x′, t)||K¯(x′, t; ·, ·)||
L
n+4
n+2 (Ω(x′,t))
||Q0||
L
n+4
2 (Ω(x′,t))
+ wa(x
′, t)||∇K¯(x′, t; ·, ·)||
L
n+4
n+3 (Ω(x′,t))
||Q1||Ln+4(Ω(x′,t))
≤ c||Q||Y˜a(B(x,r)),
where the last inequality holds by (2.40) as follows:∫ t
t/2
∫
B(x′,
√
t)
|K¯(x′, t; y, s)|n+4n+2 dg¯s(y)ds ≤ c
∫ t/2
0
∫
B(x′,
√
t)
(d(x′, y) +
√
s)−n
n+4
n+2 dg¯0(y)ds
≤ ctn2 t−
n(n+4)
2(n+2)
+1
= ct
2
n+2 ,
and similarly for ∇K¯.
We now estimate II by way of (2.41). Let {zi} be a maximal collection of points in
M such that the balls Bg¯0(zi,
√
t/2) are pairwise disjoint. It follows that {Bg¯0(zi,
√
t)} is
a cover of M : otherwise there would exist some x ∈ M such that d(x, zi) ≥
√
t for all i,
and if y ∈ Bg¯0(x,
√
t/2) then dg¯0(y, zi) ≥ dg¯0(x, zi) − dg¯0(x, y) >
√
t −
√
t/2 =
√
t/2, so
Bg¯0(x,
√
t/2) ∩Bg¯0(zi,
√
t/2) = ∅.
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Therefore, we have
II ≤ C
∞∑
i=1
wa(x
′, t)
∫ t
0
∫
B(zi,
√
t)
t−n/2 exp
(
−d
2(x′, y)
2Dt
)
(|Q0s|(y) + t−1/2|Q1s|(y))dg¯s(y)ds
≤ Cwa(x′, t)
∞∑
i=1
exp
(
−d
2(x′, zi)
2Dt
)∫ t
0
∫
B(zi,
√
t)
t−n/2(|Q0s|(y) + t−1/2|Q1s|(y))dg¯s(y)ds.
(4.11)
We now compare wa(x
′, t) with wa(zi, t), for a fixed i. If wa(x′, t) = 1, then certainly
wa(x
′, t) ≤ wa(zi, t). If zi ∈ B(x′,
√
t), then, by (4.3) we have wa(x
′, t) ≤ cwa(zi, t).
Otherwise, d(x′, zi) >
√
t. Then
1
(d(x′, x0) +
√
t+ a)2+η
exp
(
−d
2(x′, zi)
Dt
)
≤ 1
(d(x′, x0) +
√
t+ a)2+η
exp
(
−d
2(x′, zi)
2Dt
)
c(2 + η)
( √
t
d(x′, zi) +
√
t
)2+η
= c exp
(
−d
2(x′, zi)
2Dt
)( √
2Dt
(d(x′, x0) +
√
t+ a)(d(x′, zi) +
√
t)
)2+η
≤ c exp
(
−d
2(x′, zi)
2Dt
)(
c
d(x′, x0) + d(x′, zi) +
√
t+ a
)2+η
= c exp
(
−d
2(x′, zi)
2Dt
)
1
(d(zi, x0) +
√
t+ a)2+η
.
Therefore,
wa(x
′, t) exp
(
−d
2(x′, zi)
Dt
)
= max{(d(x′, x0) +
√
t+ a)−2−η , 1} exp
(
−d
2(x′, zi)
Dt
)
= max
{
exp
(
−d
2(x′, zi)
Dt
)
(d(x′, x0) +
√
t+ a)−2−η , exp
(
−d
2(x′, zi)
Dt
)}
≤ max
{
c exp
(
−d
2(x′, zi)
2Dt
)
(d(zi, x0) +
√
t+ a)−2−η, c exp
(
−d
2(x′, zi)
2Dt
)}
= c exp
(
−d
2(x′, zi)
2Dt
)
max
{
(d(zi, x0) +
√
t+ a)−2−η , 1
}
= c exp
(
−d
2(x′, zi)
2Dt
)
wa(zi, t).(4.12)
Claim:
(4.13)
∑
zi
exp
(
−d
2
g¯0(x
′, zi)
2Dt
)
≤ c(n, T sup
[0,T ]
|Rm |(g¯(t))),
where c is some finite positive constant.
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Proof of Claim. We now observe that if ˆ¯g0 := (1/t)g¯0, and if, for all k ∈ N, Ak := {zi :
k
√
t ≤ dg¯0(x′, zi) < (k + 1)
√
t}, then
(4.14) |Ak| ≤ C(n) volˆ¯g0(Bˆ¯g0(x′, (k + 3/2))).
where |Ak| denotes the number of points zi in Ak. To see why (4.14) is true, note that,
because the balls B(zi,
√
t/2) are pairwise disjoint, (2.3) implies
|Ak| 1
10
ωn
(√
t
2
)n
≤
⋃
zi∈Ak
volg¯0(Bg¯0(zi,
√
t/2)) ≤ volg¯0(Bg¯0(x′, (k + 3/2)
√
t))
=
√
t
n
volˆ¯g0(Bˆ¯g0(x
′, (k + 3/2))).
By (4.14) we have
∑
zi
exp
(
−d
2
g¯0(x
′, zi)
2Dt
)
=
∑
zi
exp
(
−
d2ˆ¯g0
(x′, zi)
2D
)
≤
∞∑
k=0
∑
zi∈Ak
exp
(
− k
2
2D
)
≤
∞∑
k=0
|Ak| exp
(
− k
2
2D
)
≤
∞∑
k=0
C(n) volˆ¯g0(Bˆ¯g0(x
′, (k + 3/2))) exp
(
− k
2
2D
)
≤
∞∑
k=0
C(n) vol(B
−T sup[0,T ] |Rm |(g¯(t))
k+3/2 ) exp
(
− k
2
2D
)
≤
∞∑
k=0
C exp(−C ′k2) ≤ c(n, T sup
[0,T ]
|Rm |(g¯(t))),
where C = C(n, T sup[0,T ] |Rm |(g¯(t))) and C ′ = C ′(n, T sup[0,T ] |Rm |(g¯(t))). 
Applying (4.12) and (4.13) to (4.11), we find
II ≤ c
∞∑
i=1
exp
(
−d
2(x′, zi)
2Dt
)
wa(zi, t)
(√
t
−n
∫ t
0
∫
B(zi,
√
t)
|Q0s|(y)dg¯s(y)ds + t−
n+1
2
∫ t
0
∫
B(zi,
√
t)
|Q1s|
)
≤ c
∞∑
i=1
exp
(
−d
2(x′, zi)
2Dt
)
wa(zi, t)
(√
t
−n||Q0||L1(B(zi,√t)×(0,t)) +
√
t
−n−1√
t
n/2+1||Q1||L2(B(zi,√t)×(0,t))
)
≤ c||Q||Y˜a
∞∑
i=1
exp
(
−d
2(x′, zi)
2Dt
)
≤ c||Q||Y˜a .
This yields the pointwise estimate |wt(x′)ht(x′)| ≤ c||Q||Y˜a .
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We now estimate the L2-term. Let ηx,r2 be as in the proof of Lemma 4.5. We multiply
by η2x,r2 , integrate, and apply Young’s inequality as before to find
1
2
∫
M
η2x,r2 |hr2 |2g¯0 −
1
2
∫
M
η2x,r2 |h0|2g¯0 =
∫ r2
0
∫
M
η2x,r2〈∆g¯s +Rmg¯s(h) +Q0 +∇Q1, h〉g¯0
≤ −c
∫ r2
0
∫
M
ηx,r2 |∇h|2g¯0 +
c
4
∫ r2
0
∫
M
η2x,r2 |∇h|2 + 16c
∫ r2
0
∫
M
|∇ηx,r2 |2|h|2
+ c
∫ r2
0
∫
M
η2x,r2 |Rm ||h|2 +
∫ r2
0
∫
M
η2x,r2〈Q0, h〉+
∫ r2
0
∫
M
η2x,r2〈∇Q1, h〉
≤ −c
∫ r2
0
∫
M
ηx,r2 |∇h|2g¯0 +
c
4
∫ r2
0
∫
M
η2x,r2 |∇h|2 + 16c
∫ r2
0
∫
M
|∇ηx,r2 |2|h|2
+ c
∫ r2
0
∫
M
η2x,r2 |Rm ||h|2 +
∫ r2
0
∫
M
η2x,r2 |Q0||h|
+ 16c
∫ r2
0
∫
M
η2x,r2 |Q1|2 +
c
4
∫ r2
0
∫
M
η2x,r2 |∇h|2.
Therefore we find∫ r2
0
∫
B(x,r)
|∇h|2 ≤ c
r2
∫ r2
0
∫
B(x,2r)
|h|2 + c
∫ r2
0
∫
B(x,2r)
η2x,r2 |Q0||h|+ c
∫ r2
0
∫
B(x,2r)
|Q1|2.
In particular,
wa(x, r
2)2r−n
∫ r2
0
∫
B(x,r)
|∇h|2 ≤ r−n c
r2
∫ r2
0
∫
B(x,2r)
|wah|2
+ cr−n
∫ r2
0
∫
B(x,2r)
η2x,r2 |Q0||wah|+ cwa(x, r2)r−n
∫ r2
0
∫
B(x,2r)
|Q1|2
≤ c||Q||2
Y˜a(B(x,2r))
.
by (4.3), where the last inequality follows from the pointwise bound applied to wa(y, s)|h(y, s)|.
In particular,
(4.15) wa(x, r
2)r−
n
2 ||∇h||L2(B(x,r)×(0,r2)) ≤ c||Q||Y˜a(B(x,2r)).
It remains to estimate wa(x, r
2)r
2
n+4 ||∇h||
Ln+4(B(x,r)×( r
2
2 ,r
2))
. If we argue by summation
as in the estimate of II, and appeal to (2.41) we find that
(4.16)
wa(x, t)
∣∣∣∣∣
∫
M×(0,t)\Ω(x,r2)
∇K˜(x′, t′; y, s)Q0s(y) +∇2K˜(x′, t′; y, s)Q1s(y)dyds
∣∣∣∣∣ ≤ c||Q||Y˜a
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for all (x′, t′) ∈ B(x, r)× ( r22 , r2), so without loss of generality we may assume that
(4.17) Supp(Q0), Supp(Q1) ⊂ B(x, r)× ( r22 , r2) = Ω(x, r2).
We have
wa(x, r
2)r
2
n+4 ||∇h||Ln+4(Ω(x,r2)) ≤ wa(x, r2)r
2
n+4
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
∇K¯t−sz, y)Q0(y, s)dg¯s(y)ds
∣∣∣∣
∣∣∣∣
Ln+4((z,t)∈Ω(x,r2))
+ wa(x, r
2)r
2
n+4
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
∇2K¯t−s(z, y)Q1(y, s)dg¯s(y)ds
∣∣∣∣
∣∣∣∣
Ln+4((z,t)∈Ω(x,r2))
,
To estimate the first part of this sum, we use Lemma 2.12 and (4.17). We obtain∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
∇K¯t−s(z, y)Q0(y, s)
∣∣∣∣
∣∣∣∣
Ln+4((z,t)∈Ω(x,r2))
≤ sup
(z,t)∈Ω(x,r2)
||∇K(z, t; ·, ·)||
L
n+4
n+3 (M×(0,T ))
||Q0||
L
n+4
2 (Ω(x,r2))
≤ c||Q0||
L
n+4
2 (Ω(x,r2))
by (2.40).
We may not apply this technique to the remaining term because the bounds on |∇2K¯|
are not strong enough. Instead, let u(z, t) =
∫ t
0
∫
M ∇K¯t−s(z, y)Q1(y, s)dg¯s(y)ds, so that
∂tu−∆g¯tu+Rmg¯t(u) = ∇Q1. Then
〈u, ∂tu〉g¯0 = 〈u,∆g¯tu− Rmg¯t(u) +∇Q1〉g¯0
and we have, by Young’s inequality,
1
2
∫
B(x,r)
|u(r2)|2g¯0 −
1
2
∫
B(x,r)
|u( r22 )|2g¯0 =
∫ r2
r2/2
∫
B(x,r)
〈u, ∂tu〉g¯0
=
∫ r2
r2/2
∫
B(x,r)
〈u,∆g¯tu− Rmg¯t(u) +∇Q1〉g¯0
=
∫ r2
r2/2
∫
B(x,r)
|u|2g¯0 − c
∫ r2
r2/2
∫
B(x,r)
|∇u|2g¯0 + sup
[0,T ]
|Rm |(g¯(t))
∫ r2
r2/2
∫
B(x,r)
|u|2g¯0
+ c
∫ r2
r2/2
∫
B(x,r)
〈Q1,∇u〉g¯0
≤ 2c
∫ r2
r2/2
∫
B(x,r)
|Q1|2g¯0 +
(
1 + sup
[0,T ]
|Rm |(g¯(t))
)∫ r2
r2/2
∫
B(x,r)
|u|2g¯0
− c(1 + 12)
∫ r2
r2/2
∫
B(x,r)
|∇u|2g¯0
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where we have used (4.17). Observing that, by (4.17), u(r2/2) = 0, we find∫ r2
r2/2
∫
B(x,r)
|∇u|2 ≤ c
∫ r2
r2/2
∫
B(x,r)
|Q1|2g¯0 + c
(
1 + sup
[0,T ]
|Rm(g¯(t))|
)∫ r2
r2/2
∫
B(x,r)
|u|2g¯0 .
Recalling the definition of u, we apply Lemma 2.12, (4.17), and Corollary 2.7 to find:∫ r2
r2/2
∫
B(x,r)
|∇u|2 ≤ c||Q1||2
L2(B(x,r)×( r
2
2 ,r
2))
+ c
(
1 + sup
[0,T ]
|Rm |(g¯(t))
) ∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
∇K¯t−s(z, y)Q1(y, s)dg¯s(y)ds
∣∣∣∣
∣∣∣∣
2
L2((z,t)∈B(x,r)×( r
2
2 ,r
2))
≤ c||Q1||2
L2(B(x,r)×( r
2
2 ,r
2))
+ c
(
1 + sup
[0,T ]
|Rm |(g¯(t))
)
sup
(z,t)∈B(x,r)×( r
2
2 ,r
2)
||∇K(z, t; ·, ·)||2L1(M×(0,t))||Q1||2
L2(B(x,r)×( r
2
2 ,r
2))
≤ c
(
1 + sup
[0,T ]
|Rm |(g¯(t))
)
sup
(z,t)∈B(x,r)×( r
2
2 ,r
2)
∣∣∣∣
∫ t
0
∫
M
(t− s)−
(n+1)
2 exp
(
−dg¯0(z, y)
d(t− s)
)∣∣∣∣
2
||Q1||2L2(Ω(x,r2))
≤ c
(
1 + sup
[0,T ]
|Rm |(g¯(t))
)
sup
(z,t)∈B(x,r)×( r
2
2 ,r
2)
∣∣∣∣
∫ t
0
(t− s)−12
∣∣∣∣
2
||Q1||2L2(Ω(x,r2)
≤ c
(
1 + sup
[0,T ]
|Rm |(g¯(t))
)
r2||Q1||2
L2(B(x,r)×( r
2
2 ,r
2))
≤ cT sup
[0,T ]
|Rm |(g¯(t))||Q1||2
L2(B(x,r)×( r
2
2 ,r
2))
where c = c(n, T sup[0,T ] |Rm |(g¯(t))), and is adjusted as necessary.
Since ∇u(z, t) = ∫ t0 ∫M ∇2Kt−s(z, y)Q1(y, s)dg¯s(y)ds, we have shown
(4.18)
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
∇2K¯t−s(z, y)Q1(y, s)dg¯s(y)ds
∣∣∣∣
∣∣∣∣
L2((z,t)∈Ω(x,r2))
≤ c||Q1||L2(Ω(x,r2))
so the integral operator given by ∇2K¯ is a bounded operator on L2(Ω(x, r2)). By the
Caldero´n-Zygmund Theorem and the Marcinkiewicz Interpolation Theorem we may extend
the result to 1 < p <∞. In particular,
wa(x, r
2)r
2
n+4
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
∇2K¯t−s(z, y)Q1(y, s)dg¯s(y)ds
∣∣∣∣
∣∣∣∣
Ln+4((z,t)∈Ω(x,r2))
≤ cwa(x, r2)r
2
n+4 ||Q1||Ln+4(Ω(x,r2)) ≤ c||Q||Y˜a(B(x,r)).
(4.19)

We are now ready to prove the main theorem of this section.
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Proof of Theorem 4.1. Let ε be as in Lemma 3.3. We select smooth background metrics g¯′
and g¯′′ as follows: First choose a smooth metric g¯ onM ′ such that ||g′0−g¯||C0(Bg¯(x′0,4R),g¯), ||φ∗g′′0−
g¯||C0(Bg¯(x′0,4R)) < ε/2, where the notation || · ||C0(Bg¯(x′0,4R),g¯) means that both the norm and
the domain are measured using the metric g¯, for sufficiently small R > 0. This is possible
because g′0(x
′
0) = φ
∗g′′0 (x
′
0). Note that by choosing smaller R and T , we can reduce ε as
needed.
Extend g¯ to a smooth metric g¯′0 onM
′ that is ε-close to g′0 everywhere inM
′, and extend
φ∗g¯ to a smooth metric g¯′′0 on M
′′ that is ε-close to g′′0 everywhere in M
′′. Solve the Ricci
flow equation starting from g¯′0 on M
′ and g¯′′0 on M
′′ to find smooth Ricci flows g¯′(t) on M ′
and g¯′′(t) on M ′′, both defined on some time interval [0, T ].
By Lemma 3.3 there exist solutions h′t = g′t − g¯′t and h′′t = g′′t − g¯′′t to (2.29), de-
fined for t ∈ (0, T ], starting from g′0 and g′′0 in X g¯
′
and X g¯
′′
respectively, and satisfying
||h′t||X g¯′ , ||h′′t ||X g¯′′ ≤ Cε < 1, where C is as in Lemma 3.3. For the sake of simplicity,
we assume that Cε < 1/2 in what follows; this can be achieved by reducing ε and T if
necessary.
Now fix x ∈M, 0 < r ≤ 4R ≤ √T . Let ϕ be a (time-independent) smooth cutoff function
equal to 1 on B(x′0, R) that vanishes outside B(x
′
0, 4R), such that |∇g¯
′
ϕ|, |∆g¯′ϕ| ≤ b for all
t ∈ [0, T ], where b is some finite, positive number (we may take b to be bounded by some
function of R). Now consider the evolution of ϕ(h′t − φ∗h′′t ):
(∂t + L
g¯′)ϕ(h′t − φ∗h′′t ) = ϕ∂t(h′t − φ∗h′′t )−∆g¯
′
(ϕ(h′t − φ∗h′′t )) + ϕRmg¯
′
(h′t − φ∗h′′t )
= ϕ
[
∂t(h
′
t − φ∗h′′t )−∆g¯
′
(h′t − φ∗h′′t ) + Rmg¯
′
(h′t − φ∗h′′t )
]
− (∆g¯′ϕ)(h′t − φ∗h′′t )− 2∇g¯
′
∇ϕ(h
′
t − φ∗h′′t )
= ϕ
[
(∂th
′
t −∆g¯
′
h′t +Rm
g¯′(h′t))− (∂tφ∗h′′t −∆φ
∗g¯′′φ∗h′′t +Rm
φ∗g¯′′(φ∗h′′t ))
]
−
(
∆φ
∗g¯′′φ∗h′′t −∆g¯
′
φ∗h′′t
)
+Rmφ
∗g¯′′(φ∗h′′t )− Rmg¯
′
(φ∗h′′t )
]
− (∆g¯′ϕ)(h′t − φ∗h′′t )− 2∇g¯
′
∇ϕ(h
′
t − φ∗h′′t )
= ϕ
[
Qg¯
′
[h′t]−Qφ
∗g¯′′ [φ∗h′′t ]−
(
∆φ
∗g¯′′φ∗h′′t −∆g¯
′
φ∗h′′t
)
+Rmφ
∗g¯′′(φ∗h′′t )− Rmg¯
′
(φ∗h′′t )
]− (∆g¯′ϕ)(h′t − φ∗h′′t )
− 2∇g¯′∇ϕ(h′t − φ∗h′′t ),
where defined. Therefore, if K¯ is the heat kernel corresponding to g¯′, observing that the
integrand vanishes outside of a set on which φ∗g′′t and φ∗g¯′′t are defined, we find
ϕ(h′t − φ∗h′′t )(x) =
∫ t
0
∫
M
K¯t−s(x, y)ϕ(Qg¯
′
[h′]−Qφ∗g¯′′ [φ∗h′′])(y, s)dyds
−
∫ t
0
∫
M
K¯t−s(x, y)ϕ(∆φ
∗ g¯′′φ∗h′′ −∆g¯′φ∗h′′)(y, s)dyds
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+
∫ t
0
∫
M
K¯t−s(x, y)ϕ(Rmφ
∗g¯′′(φ∗h′′)− Rmg¯′(φ∗h′′))(y, s)dyds
−
∫ t
0
∫
M
K¯t−s(x, y)(∆g¯
′
ϕ)(h′ − φ∗h′′)(y, s)dyds
+ 2
∫ t
0
∫
M
K¯t−s(x, y)∇g¯
′
∇ϕ(h
′ − φ∗h′′)〉(y, s)dyds
+
∫
M
K¯t(x, y)ϕ(h
′
0 − φ∗h′′0)(y)dy
Inheriting the constants from Lemmata 4.5 and 4.6, we have
||ϕ(h′ − φ∗h′′)||X˜a(B(x,r)) ≤ c||ϕ(Q
g¯′
0 [h
′]−Qφ∗g¯′′0 [φ∗h′′])||Y˜ 0a + c||ϕ(Q
g¯′
1 [h
′]−Qφ∗g¯′′1 [φ∗h′′])||Y˜ 1a
+
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
K¯t−s(x, y)ϕ(∆g¯
′
φ∗h′′ −∆φ∗g¯′′φ∗h′′)(y, s)dyds
∣∣∣∣
∣∣∣∣
X˜a(B(x,r))
+ c||ϕ(Rmg¯′(φ∗h′′)− Rmφ∗g¯′′(φ∗h′′))||Y˜ 0a
+
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
K¯t−s(x, y)(∆g¯
′
ϕ)(y)(h′t − φ∗h′′t )(y, s)dg¯′s(y)ds
∣∣∣∣
∣∣∣∣
X˜a
+
∣∣∣∣
∣∣∣∣2
∫ t
0
∫
M
K¯t−s(x, y)∇g¯
′
∇ϕ(h
′
t − φ∗h′′t )(y, s)dg¯′s(y)ds
∣∣∣∣
∣∣∣∣
X˜a
+ c||ϕwa(0)(h′0 − φ∗h′′0)||L∞(M)
=: I + II + III + IV + V + V I + c||ϕwa(0)(h′0 − φ∗h′′0)||L∞(M),
where here all norms are computed with respect to g¯′. Note first that, after reducing T
sufficiently depending on ||∇ℓ+m(g¯′ − φ∗g¯′′)||C0(Bg¯′0 (x′0,4R),g¯′0), we may assume that, for a
tensor field h, we have
(4.20) |(∇g¯′)ℓh− (∇φ∗g¯′′)ℓh| ≤ 20Rtm|h|
for all ℓ ≤ 3, say, where m ≥ 2 + η, as follows: Reduce T (and hence R) so that
|(∇g¯′)ℓ+mh(x′0, t) − (∇φ
∗g¯′′)ℓ+mh(x′0, t)| < 20 for all 0 ≤ t ≤ T ; this is possible because
g¯′(0) = φ∗g¯′′(0) in B(x′0, 4R). Then, by integrating in time, we find |(∇g¯
′
)ℓh(x′0, t) −
(∇φ∗g¯′′)ℓh(x′0, t)| < 20tm. To obtain the bound elsewhere in the ball, integrate along a ge-
odesic. In particular, by requiring that m ≥ 2 + η, we have wa(t)|∇g¯′h−∇g¯′′h| ≤ c(n)|h|.
Moreover, (4.20) together with the fact that g¯′0 = φ
∗g¯′′0 on B(x
′
0, 4R) and the definition of
the X-norm implies that
(4.21) ||φ∗h′′||X g¯′ (Bg¯′
0
(x,r)) ≤ c(n)||h′′||X g¯′′ (Bg¯′′
0
(φ(x),r)),
for Bg¯′0(x, r) ⊂ Bg¯′0(x′0, 4R), so we often replace instances of ||φ∗h′′||X g¯′ (φ−1(B(x,r))) with
||h′′||g¯′′X in what follows.
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Term I: First, note that by (2.12) and (2.14) we find
|(g¯′ + h′)−1 ⋆ (g¯′ + h′)−1 ⋆∇g¯′h′ ⋆∇g¯′h′ − (φ∗g¯′′ + φ∗h′′)−1 ⋆ (φ∗g¯′′ + φ∗h′′)−1 ⋆∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
≤ |(g¯′ + h′)−1 ⋆ (g¯′ + h′)−1 ⋆∇g¯′h′ ⋆∇g¯′h′ − (g¯′ + h′)−1 ⋆ (g¯′ + h′)−1 ⋆∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
+ |(g¯′ + h′)−1 ⋆ (g¯′ + h′)−1 ⋆∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′
− (φ∗g¯′′ + φ∗h′′)−1 ⋆ (φ∗g¯′′ + φ∗h′′)−1 ⋆∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
≤ c(n)|∇g¯′h′ ⋆∇g¯′h′ −∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|+ c(n, γ)|∇φ∗ g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
≤ c(n)|∇g¯′h′ ⋆∇g¯′h′ −∇g¯′h′ ⋆∇φ∗g¯′′φ∗h′′|
+ c(n)|∇g¯′h′ ⋆∇φ∗g¯′′φ∗h′′ −∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
+ c(n)|∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
≤ c(n)|∇g¯′h′||∇g¯′h′ −∇φ∗g¯′′φ∗h′′|+ c(n, γ)|∇φ∗ g¯′′φ∗h′′||∇g¯′h′ −∇φ∗g¯′′φ∗h′′|
+ c(n)|∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|
≤ c(n)|∇g¯′h′||∇g¯′h′ −∇g¯′φ∗h′′|+ c(γ)|∇g¯′h′||∇g¯′φ∗h′′ −∇φ∗g¯′′φ∗h′′|
+ c(n)|∇φ∗g¯′′φ∗h′′||∇g¯′h′ −∇g¯′φ∗h′′|+ c(γ)|∇φ∗ g¯′′φ∗h′′||∇g¯′φ∗h′′ −∇φ∗g¯′′φ∗h′′|
+ c(n)|∇φ∗g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′|.
Similarly, by (2.12) and (2.15) we have
|[(g¯′ + h′)−1 − (g¯′)−1] ⋆Rmg¯′ ⋆h′ − [(φ∗g¯′′ + φ∗h′′)−1 − (φ∗g¯′′)−1] ⋆Rmφ∗g¯′′ ⋆φ∗h′′|
≤ |[(g¯′ + h′)−1 − (g¯′)−1] ⋆ Rmg¯′ ⋆h′ − [(g¯′ + h′)−1 − (g¯′)−1] ⋆Rmφ∗g¯′′ ⋆φ∗h′′|
+ |[(g¯′ + h′)−1 − (g¯′)−1] ⋆ Rmφ∗g¯′′ ⋆φ∗h′′ − [(φ∗g¯′′ + φ∗h′′)−1 − (φ∗g¯′′)−1] ⋆ Rmφ∗g¯′′ ⋆φ∗h′′|
≤ c(n)|h′||Rmg¯′ ⋆h′ − Rmφ∗g¯′′ ⋆φ∗h′′|+ c(n)|Rmφ∗g¯′′ ||φ∗h′′|
≤ c(n)|h′||Rmg¯′ ⋆h′ − Rmg¯′ ⋆φ∗h′′|+ c(n)|h′||Rmg¯′ ⋆φ∗h′′ − Rmφ∗g¯′′ ⋆φ∗h′′|+ c(n)|Rmφ∗g¯′′ ||φ∗h′′|
≤ c(n)|h′||Rmg¯′ ||h′ − φ∗h′′|+ c(n)|h′||φ∗h′′||Rmg¯′ −Rmφ∗g¯′′ |+ c(n)|Rmφ∗g¯′′ ||φ∗h′′|
Thus we have
|ϕ(Qg¯′0 [h′]−Qφ
∗g¯′′
0 [φ
∗h′′])| ≤ c(n)|∇g¯′h′||ϕ(∇g¯′h′ −∇g¯′φ∗h′′)|+ c(n)|∇g¯′h′||ϕ(∇g¯′φ∗h′′ −∇φ∗g¯′′φ∗h′′)|
+ c(n)|∇φ∗g¯′′φ∗h′′||ϕ(∇g¯′h′ −∇g¯′φ∗h′′)|+ c(n)|∇φ∗ g¯′′φ∗h′′||ϕ(∇g¯′φ∗h′′ −∇φ∗g¯′′φ∗h′′)|
+ c(n)|ϕ(∇φ∗ g¯′′φ∗h′′ ⋆∇φ∗g¯′′φ∗h′′)|+ c(n)|h′||Rmg¯′ ||ϕ(h′ − φ∗h′′)|
+ c(n)|h′||φ∗h′′||ϕ(Rmg¯′ −Rmφ∗g¯′′)|+ c(n)|Rmφ∗g¯′′ ||ϕφ∗h′′|
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Arguing as in the proof of Lemma 4.4 and applying (4.20), we find
I ≤ c(n)(||h′||X g¯′ + ||h′′||X g¯′′ )||ϕ(h′ − φ∗h′′)||X˜ g¯′a
+ c(n)||h′||X g¯′ ||h′′||X g¯′′ + c(n, γ)||h′′||X g¯′′ + c(n)||h′′||2X g¯′′
= c(n)(||h′||X g¯′ + ||h′′||X g¯′′ )||ϕ(h′ − φ∗h′′)||X˜ g¯′a + C(n),
(4.22)
where C(n) is a finite positive number.
Term II: Applying (2.13), (2.14), (2.15), and (2.16) we have
|Qg¯′1 [h′]−Qφ
∗g¯′′
1 [φ
∗h′′]| ≤ c(n)|[(g¯′ + h′)−1 − (g¯′)−1] ⋆∇g¯′h′ − [(φ∗g¯′′ + φ∗h′′)−1 − (φ∗g¯′′)−1] ⋆∇φ∗g¯′′φ∗h′′|
≤ c(n)||[(g¯′ + h′)−1 − (g¯′)−1] ⋆∇g¯′h′ − [(g¯′ + h′)−1 − (g¯′)−1] ⋆∇g¯′φ∗h′′|
+ c(n)|[(g¯′ + h′)−1 − (g¯′)−1] ⋆∇g¯′φ∗h′′ − [(g¯′ + h′)−1 − (g¯′)−1] ⋆∇φ∗g¯′′φ∗h′′|
+ c(n)|[(g¯′ + h′)−1 − (g¯′)−1] ⋆∇φ∗g¯′′φ∗h′′ − [(φ∗g¯′′ + φ∗h′′)−1 − (φ∗g¯′′)−1] ⋆∇φ∗g¯′′φ∗h′′|
≤ c(n)|h′||∇g¯′h′ −∇g¯′φ∗h′′|+ c(n)|h′||∇g¯′φ∗h′′ −∇φ∗g¯′′φ∗h′′|
+ c(n)|(g¯′)−1 − (φ∗g¯′′)−1||∇φ∗g¯′′φ∗h′′|+ c(n)|(g¯′ + h′)−1 − (g¯′ + φ∗h′′)−1||∇φ∗g¯′′φ∗h′′|
+ c(n)|(g¯′ + φ∗h′′)−1 − (g¯′ + (−g¯′ + φ∗g¯′′ + φ∗h′′))−1||∇φ∗g¯′′φ∗h′′|
≤ c(n)|h′||∇g¯′h′ −∇g¯′φ∗h′′|+ c(n)|h′||∇g¯′φ∗h′′ −∇φ∗g¯′′φ∗h′′|
+ c(n)|g¯′ − φ∗g¯′′||∇φ∗g¯′′φ∗h′′|+ |h′ − φ∗h′′||∇φ∗g¯′′φ∗h′′|.
Then, again arguing as in the analysis of Term I and the proof of Lemma 4.4, we find
II ≤ c(n)(||h′||X g¯′ + ||h′′||X g¯′′ )||ϕ(h′ − φ∗h′′)||X˜ g¯′a + c(n)||h
′′||X
≤ c(n)(||h′||X g¯′ + ||h′′||X g¯′′ )||ϕ(h′ − φ∗h′′)||X˜ g¯′a + C(n),
(4.23)
where C(n) is some finite positive number.
Term III: Working in coordinates, we find∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ(∆g¯
′
φ∗h′′ −∆φ∗g¯′′φ∗h′′)dyds
∣∣∣∣
=
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ((g¯′)ij∇g¯
′
i ∇g¯
′
j
(
(φ∗h′′)abdxa ⊗ dxb
)− (φ∗g¯′′)ij∇φ∗g¯′′i ∇φ∗g¯′′j ((φ∗h′′)abdxadxb)dyds
∣∣∣∣
≤
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ((g¯′)ij∇g¯
′
i ∇g¯
′
j
(
(φ∗h′′)abdxa ⊗ dxb
)− (φ∗g¯′′)ij∇g¯′i ∇g¯′j ((φ∗h′′)abdxadxb)dyds
∣∣∣∣
+
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ((φ∗ g¯′′)ij∇g¯
′
i ∇g¯
′
j
(
(φ∗h′′)abdxa ⊗ dxb
)− (φ∗g¯′′)ij∇φ∗g¯′′i ∇φ∗g¯′′j ((φ∗h′′)abdxadxb)dyds
∣∣∣∣
≤
∣∣∣∣
∫ t
0
∫
M
(∇g¯′i Kt−s(x, y))ϕ((g¯′)ij∇g¯′j ((φ∗h′′)abdxa ⊗ dxb)− (φ∗g¯′′)ij∇g¯′j (φ∗h′′abdxadxb)dyds
∣∣∣∣
+
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)(∇g¯
′
i ϕ)((g¯
′)ij∇g¯′j
(
(φ∗h′′)abdxa ⊗ dxb
)− (φ∗g¯′′)ij∇g¯′j ((φ∗h′′)abdxadxb)dyds
∣∣∣∣
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+
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ[(∇g¯
′
i ((g¯
′)ij − (φ∗g¯′′)ij))∇g¯′j
(
(φ∗h′′)abdxa ⊗ dxb
)
]dyds
∣∣∣∣
+
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ[(φ∗ g¯′′)ij∂i(φ∗h′′)ab(∇g¯
′
j −∇φ
∗g¯′′
j )dx
a ⊗ dxb]dyds
∣∣∣∣
+
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ[(φ∗ g¯′′)ij∂j(φ∗h′′)ab(∇g¯
′
i −∇φ
∗g¯′′
i )dx
a ⊗ dxb]dyds
∣∣∣∣
+
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ[(φ∗h′′)ab(∇g¯
′
i ∇g¯
′
j −∇φ
∗g¯′′
i ∇φ
∗g¯′′
j )dx
a ⊗ dxb]dyds
∣∣∣∣
Now we observe the following consequences of Ho¨lder’s inequality and (2.3):
(4.24)
r−n||f ||L1(B(x,r)×(0,r2)) ≤ r−n||1||L2(B(x,r)×(0,r2))||f ||L2(B(x,r)×(0,r2)) ≤ cr−n/2+1/2||f ||L2(B(x,r)×(0,r2))
r
4
n+4 ||f ||
L
n+4
2 (B(x,r)×( r
2
2 ,r
2))
= r
4
n+4 |||f |n+42 ||
2
n+4
L1(B(x,r)×( r
2
2 ,r
2))
≤ r
4
n+4
(
|||f |n+42 ||
L2(B(x,r)×( r
2
2 ,r
2))
||1||
L2(B(x,r)×( r
2
2 ,r
2))
) 2
n+4
≤ cr
2
n+4 ||f ||
Ln+4(B(x,r)×( r
2
2 ,r
2))
(4.25)
Then, using Lemma 4.6 and (4.20), we conclude:∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
Kt−s(x, y)ϕ(∆g¯
′
φ∗h′′ −∆g¯′′φ∗h′′)
∣∣∣∣
∣∣∣∣
X˜a(B(x,r))
≤ ||ϕ(((g¯′)ij − (φ∗g¯′′)ij)∇g¯′j φ∗h′′)||Y˜ 1a + ||(∇
g¯′
i ϕ)(((g¯
′)ij − (φ∗g¯′′)ij)∇g¯′j φ∗h′′)||Y˜ 0a
+ ||ϕ(∇g¯′i ((g¯′)ij − (φ∗g¯′′)ij)∇g¯
′
j φ
∗h′′)||Y˜ 0a + ||ϕ((φ
∗g¯′′)ij∂i(φ∗h′′)ab(∇g¯
′
j −∇φ
∗g¯′′
j )dx
a ⊗ dxb)||Y˜ 0a
+ ||ϕ((φ∗g¯′′)ij∂j(φ∗h′′)ab(∇g¯
′
i −∇φ
∗g¯′′
i )dx
a ⊗ dxb)||Y˜ 0a
+ ||ϕ((φ∗h′′)ab(∇g¯
′
i ∇g¯
′
j −∇φ
∗g¯′′
i ∇φ
∗g¯′′
j )dx
a ⊗ dxb)||Y˜ 0a
≤ c(n, b)||ϕφ∗h′′||X g¯′′ ,
where the estimate on the first term follows from the definition of the norms as in the
proof of Lemma 4.4, the estimate on the last term follows from bounding the Y˜ 0a -norm by
the L∞ norm as in the proof of Lemma 4.4, and the bounds on the remaining terms are a
consequence of taking f = ∇g¯′φ∗h′′ in (4.24) and (4.25).
Term IV : We have
|ϕ(Rmg¯′(φ∗h′′)− Rmφ∗g¯′′(φ∗h′′))| ≤ |Rmg¯′ −Rmφ∗g¯′′ ||ϕ(φ∗h′′)| ≤ c(n)Rtm|ϕ(φ∗h′′)|
so, comparing the Y 0-norm to the L∞ norm as in the proof of Lemma 4.4, we find
(4.26) IV ≤ c(n)||h′′||X g¯′′ .
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Term V : By Lemma 4.6 we have that
V ≤ c(n)||(∆g¯′ϕ)(h′ − φ∗h′′)||Y˜ 0a ≤ c(n) sup
x∈M,0<r2<T
wa(x, r
2)
(
r−n||(∆g¯′ϕ)(h′ − φ∗h′′)||L1(Bg¯′0 (x,r)×(0,r2))
+ r
4
n+4 ||(∆g¯′ϕ)(h′ − φ∗h′′)||
L
n+4
2 (Bg¯′
0
(x,r)×( r
2
2 ,r
2))
)
= c(n) sup
x∈M,0<r2<T
wa(x, r
2)
(
r−n||(∆g¯′ϕ)(h′ − φ∗h′′)||L1([Bg¯′
0
(x,r)∩Ag¯′
0
(x′0;R,4R)]×(0,r2))
+ r
4
n+4 ||(∆g¯′ϕ)(h′ − φ∗h′′)||
L
n+4
2 ([Bg¯′0
(x,r)∩Ag¯′0 (x
′
0;R,4R)]×(
r2
2 ,r
2))
)
,
(4.27)
where Ag¯′0(x
′
0;R, 4R) := Bg¯′0(x
′
0, 4R) \Bg¯′0(x′0, R), since ϕ ≡ 1 on Bg¯′0(x′0, R)
For fixed (x, r) ∈M × (0,√T ), if Bg¯′0(x, r) ⊂ Bg¯′0(x′0, R), then ∆g¯
′
ϕ ≡ 0 on Bg¯′0(x, r), so
(4.28) w(x, r2)rθ||(∆g¯′ϕ)(h′ − φ∗h′′)||Lp([Bg¯′0 (x,r)∩Ag¯′0 (x′0;R,4R)]×(0,r2)) = 0,
for any exponent θ and positive integer p.
On the other hand, if there exists y ∈ Bg¯′0(x, r) such that y /∈ Bg¯′0(x′0, R), then dg¯′0(x, x′0) ≥
dg¯′0(x
′
0, y)− dg¯′0(x, y) ≥ R− r so
wa(x, r
2)rθ||(∆g¯′ϕ)(h′ − φ∗h′′)||Lp([Bg¯′0 (x,r)∩Ag¯′0 (x′0;R,4R)]×(0,r2))
≤ max
{
1
(dg¯′0(x, x
′
0) + r + a)
2+η
, 1
}
||∆g¯′ϕ||L∞(M)rθ||h′ − φ∗h′′||Lp(Bg¯′
0
(x,r)×(0,r2))
≤ ||∆
g¯′ϕ||L∞(M)
R2+η
rθ||h′ − φ∗h′′||Lp(Bg¯′0 (x,r)×(0,r2))
≤ ||∆
g¯′ϕ||L∞(M)
R2+η
rθ
(
||h′||Lp(Bg¯′
0
(x,r)×(0,r2)) + ||φ∗h′′||Lp(Bg¯′
0
(x,r)×(0,r2))
)
(4.29)
Taking the supremum over all pairs (x, r) and applying (4.28) and (4.29) to (4.27)
(4.30) V ≤ c(n)||∆
g¯′ ||L∞(M)
R2+η
(||h′||Y 0 + ||h′′||Y 0) ≤ c(n,R, b),
where c(n,R, b) is some finite positive constant, and the last inequality follows from compar-
ing the Y 0-norm to the L∞-norm as in the proof of Lemma 4.4, so that ||h′||Y 0 + ||h′′||Y 0 ≤
||h′||X + ||h′′||X ≤ c.
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Term V I: Using a similar argument to that of the analysis of Term V , we find
∣∣∣∣
∣∣∣∣2
∫ t
0
∫
M
K¯t−s(x, y)∇g¯
′
∇ϕ(h
′ − φ∗h′′)(y, s)dg¯′s(y)ds
∣∣∣∣
∣∣∣∣
X˜a
≤ c(n)||∇ϕ||L∞(M)
R2+η
(||∇h′||Y 1 + ||∇h′′||Y 1)
≤ c(n)||∇ϕ||L∞(M)
R2+η
(||h′||X + ||h′′||X)
≤ c(n,R, b).
(4.31)
Having estimated terms I − V I, we conclude:
||ϕ(h′ − φ∗h′′)||
X˜ g¯
′
a (B(x,r))
≤ c(n)(||h′||X g¯′ + ||h′′||X g¯′′ )||ϕ(h′ − φ∗h′′)||X˜ g¯′a
+ c(n)||wa(0)ϕ(h′0 − φ∗h′′0)||L∞(M) + c(n,R, b),
(4.32)
where c(n,R, b) is some finite positive constant.
Observe that ||ϕ(h′ − φ∗h′′)||
X˜ g¯
′
a
≤ 1a ||ϕ(h′ − φ∗h′′)||X ≤ 1a(||h′||X g¯′ + ||h′′||X g¯′′ ). Thus,
||ϕ(h′ − φ∗h′′)||
X˜ g¯
′
a )
is finite for all a > 0. We show that, because ||ϕ(h′ − φ∗h′′)||
X˜ g¯
′
a
is
finite, it is in fact bounded by some constant that does not depend on a.
First, recall that, by Lemma 3.3, we have
(4.33) ||h′||g¯′ + ||h′′||g¯′′ ≤ C(n)(||g′0 − g¯′0||L∞(M) + ||g′′0 − g¯′′0 ||L∞(M)) ≤ 2C(n)ε.
Reduce ε as necessary so that
(4.34) 2c(n)C(n)ε < 1/2,
where c(n) is the constant from (4.32). Now observe that
||ϕ(h′ − h′′)||X˜a = sup
0<t<T
||wa(t)(h′t − φ∗h′′t )||L∞(B(x′0,R))
+ sup
(x,r)∈M×(0,√T )
B(x,r)⊂B(x′0,R)
wa(x, r
2)
(
r−
n
2 ||∇(h′ − φ∗h′′)||L2(B(x,r)×(0,r2))
+ r
2
n+4 ||∇(h′ − φ∗h′′)||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
+ sup
0<t<T
||wa(t)(h′t − φ∗h′′t )||L∞(A(x′0;R,4R))
+ sup
(x,r)∈M×(0,
√
T )
B(x,r)6⊂B(x′0,R)
wa(x, r
2)
(
r−
n
2 ||∇[ϕ(h′ − φ∗h′′)]||L2(B(x,r)×(0,r2))
+ r
2
n+4 ||∇[ϕ(h′ − φ∗h′′)]||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
≤ sup
0<t<T
(x,r)∈M×(0,√T )
B(x,r)⊂B(x′0,R)
||wa(t)(h′t − φ∗h′′t )||L∞(B(x,r))
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+ sup
(x,r)∈M×(0,√T )
B(x,r)⊂B(x′0,R)
wa(x, r
2)
(
r−
n
2 ||∇(h′ − φ∗h′′)||L2(B(x,r)×(0,r2))
+ r
2
n+4 ||∇(h′ − φ∗h′′)||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
+ sup
0<t<T
||wa(t)(h′t − φ∗h′′t )||L∞(A(x′0;R,4R))
+ sup
(x,r)∈M×(0,√T )
B(x,r)6⊂B(x′0,R)
wa(x, r
2)
(
r−
n
2 ||(∇ϕ)⊗ (h′ − φ∗h′′)||L2(B(x,r)×(0,r2))
+ r
2
n+4 ||(∇ϕ) ⊗ (h′ − φ∗h′′)||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
+ sup
(x,r)∈M×(0,√T )
B(x,r)6⊂B(x′0,R)
wa(x, r
2)
(
r−
n
2 ||ϕ∇(h′ − φ∗h′′)||L2(B(x,r)×(0,r2))
+ r
2
n+4 ||ϕ∇(h′ − φ∗h′′)||
Ln+4(B(x,r)×( r
2
2 ,r
2))
)
≤ sup
(x,r)∈M×(0,T )
B(x,r)⊂B(x′0,R)
||h′ − φ∗h′′||X˜a(B(x,r)) +
(1 + ||∇ϕ||L∞(M))
R2+η
(||h′||X g¯′ + ||h′′||X g¯′′ )
= sup
(x,r)∈M×(0,T )
B(x,r)⊂B(x′0,R)
||h′ − φ∗h′′||X˜a(B(x,r)) + c(n,R, b).
where the last inequality follows from estimating wa(x, r
2) as in the analysis of terms V
and V I.
Then, taking the supremum over all (x, r) with B(x, r) ⊂ B(x′0, R) so that ϕ ≡ 1 on
B(x, r) and applying (4.34) to (4.32) we find
sup
(x,r)∈M×(0,
√
T )
B(x,r)⊂B(x′0,R)
||h′ − φ∗h′′||X˜a(B(x,r)) ≤
1
2

 sup
(x,r)∈M×(0,
√
T )
B(x,r)⊂B(x′0,R)
||h′ − φ∗h′′||X˜a(B(x,r))


+ c(n)||wa(0)ϕ(h′0 − φ∗h′′0)||L∞(M) + c(n,R, b)
(4.35)
Now, because ||ϕ(h′ − φ∗h′′)||
X˜ g¯
′
a
is finite, we may rearrange (4.35) to find
(4.36) ||h′ − φ∗h′′||X˜a(B(x′0,R)) ≤ c(n)||wa(0)ϕ(h
′
0 − φ∗h′′0)||L∞(M) + c(n,R, b).
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In particular, for all a > 0, x ∈ B(x′0, R) and 0 < t < T we have
|g′t(x)− φ∗g′′t (x)| ≤ (d(x, x′0) +
√
t+ a)2+η [c(n)||wa(0)ϕ(h′0 − φ∗h′′0)||L∞(M)
+ ||wa(t)(g¯′(t))− φ∗g¯′′(t)||L∞(B(x′0,R)) + c(n,R, b)].
(4.37)
Letting aց 0, we find
sup
0<t<T
||g′t − φ∗g′′t ||L∞(B(x′0,R)) ≤ (R +
√
t)2+η [c(n)||w0(0)ϕ(h′0 − h′′0)||L∞(M)
+ sup
0<t<T
||w0(t)(g¯′(t))− φ∗g¯′′(t)||L∞(B(x′0,R)) + c(n,R, b)],
(4.38)
whence follows the result. 
We now are ready to prove Theorem 4.2.
Proof of Theorem 4.2. Let R be as in Theorem 4.1 and reduce R is necessary so that g′
and φ∗g′′ are ε′/4-close, where ε′ is the constant from Corollary 3.4. We work within a time
slice. Select t ∈ (0, T ), and let ∇ denote the connection associated with g¯′(t). Observe
that, if ℓ is some positive integer, then by Corollary 3.4 we have
||∇2(g′t − φ∗g′′t )||L∞(Bg¯′
0
(x′0,R))
≤ ||∇ℓg′t − (∇φ
∗g¯′′)ℓφ∗g′′t ||L∞(Bg¯′
0
(x′0,R))
+ ||(∇φ∗ g¯′′)ℓφ∗g′′t −∇ℓφ∗g′′t ||L∞(Bg¯′
0
(x′0,R))
≤ c||∇ℓg′t||L∞(Bg¯′
0
(x′0,R))
+ c||(∇φ∗ g¯′′)ℓg′′t ||L∞(Bg¯′
0
(x′0,R))
+ c||(∇φ∗ g¯′′)ℓφ∗g′′t −∇ℓφ∗g′′t ||L∞(Bg¯′0 (x′0,R))
≤ 2cεt−ℓ/2 + c(ℓ)t−ℓ/2 ≤ ct−ℓ/2,
due to the bound
||(∇φ∗ g¯′′)ℓφ∗g′′t −∇ℓφ∗g′′t ||L∞(Bg¯′
0
(x′0,R))
≤ ||(∂ℓ−1φ∗g¯′′ij)(∇φ
∗g¯′′ −∇)dxi ⊗ dxj ||L∞(Bg¯′
0
(x′0,R))
+ ||(∂ℓ−1φ∗g¯′′ij)((∇φ
∗ g¯′′)ℓ −∇ℓ)(dxi ⊗ dxj)||L∞(Bg¯′0 (x′0,R))
+ · · ·+ ||φ∗g′′ij((∇φ
∗ g¯′′)ℓ −∇ℓ)(dxi ⊗ dxj)||L∞(Bg¯′0 (x′0,R))
≤ c(ℓ)t−ℓ/2,(4.39)
where ∂ denotes a partial derivative of the coefficient function, and the inequality follows
from the fact that g¯′0 = φ
∗g¯′′0 on Bg¯′0(x
′
0, R), as remarked in (4.20), and the application of
Corollary 3.4 to g′′t .
Now note that for all β < 12 and all D > 0 such that Dt
β ≤ R, we have, by Theorem
4.1,
(4.40) ||g′t − φ∗g′′t ||L∞(Bg¯′0 (x′0,Dtβ)) ≤ c(Dt
β +
√
t)2+η ≤ Ctβ(2+η),
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where C = C(n,R). Moreover, if a ≤ Dtβ, then we have, by Lemma 2.11,
(4.41)
||∇2(g′t−φ∗g′′t )||L∞(Bg¯′0 (x′0,Dtβ)) ≤
c
a2
||g′t−φ∗g′′t ||L∞(Bg¯′0 (x′0,Dtβ+a))+ca
ℓ−2||∇ℓ(g′t−φ∗g′′t )||L∞(Bg¯′0 (x′0,Dtβ+a)),
where c = c(n, supt∈[0,T ],0≤k≤ℓ |(∇g¯
′
)k Rm |(g¯′(t)), inf [0,T ] inj(g¯′(t))). We now specify some
parameters: Fix β ∈ (1/(2 + η), 1/2), so that (2 + η)β > 1. Fix δ > 0 sufficiently small so
that −1−2δ+(2+η)β > 0. Choose ℓ large so that δℓ−1−2δ > 0. Let a = t12+δ. Observe
that a < tβ, since t < 1 and 1/2 + δ > 1/2 > β. By assuming that t is sufficiently small
(depending on D, β, and δ), we may assume that a < Dtβ. Then we find
(4.42) ||∇2(g′t − φ∗g′′t )||L∞(Bg¯′
0
(x′0,Dt
β)) ≤
c
t2(
1
2+δ)
t(2+η)β + ct
ℓ
2+δℓ−1−2δt−ℓ/2 ≤ ctγ ,
where γ is some positive number, and c does not depend on t.
Moreover, using (4.39) we find
(4.43)
(||∇g′||L∞(Bg¯′
0
(x′0,Dt
β)) + ||φ∗g′′||L∞(Bg¯′
0
(x′0,Dt
β)))||∇(g′ − φ∗g′′)||L∞(Bg¯′
0
(x′0,Dt
β)) ≤ ctγ
′
t−1/2
where γ′ > 1/2, as follows: arguing as in the proof of (4.42), we apply Lemma 2.11, choosing
our parameters as follows: let a = tα where α < (2+η)β− 12 and choose ℓ sufficiently large
so that αℓ− α > 1. Then
(4.44) ||∇(g′ − φ∗g′′)||L∞(Bg¯′0 (x′0,Dtβ)) ≤
c
tα
t(2+η)β + ctαℓ−αt−1/2 ≤ ctγ′
We now estimate the difference in scalar curvatures. Observe:
|Rg′ − φ∗Rg′′ | ≤ |(∇2g′) ⋆ (g′)−1 − (∇2φ∗g′′) ⋆ (φ∗g′′)−1|
+ |(∇g′) ⋆ (∇g′) ⋆ (g′)−1 − (∇φ∗g′′) ⋆ (∇φ∗g′′) ⋆ (φ∗g′′)−1|
≤ c(n)|∇2(g′ − φ∗g′′)||(g′)−1|+ c(n)|∇2φ∗g′′||(g′)−1 − (φ∗g′′)−1|
+ c(n)(|∇g′|+ |∇φ∗g′′|)|∇(g′ − φ∗g′′)||(g′)−1|+ |∇φ∗g′′|2|(g′)−1 − (φ∗g′′)−1|
≤ c|∇2(g′ − φ∗g′′)|+ c|∇2φ∗g′′||g′ − φ∗g′′|
+ c(|∇g′|+ |∇φ∗g′′|)|∇(g′ − φ∗g′′)|+ c|∇φ∗g′′|2|g′ − φ∗g′′|,
(4.45)
where c does not depend on t. Moreover, observe that, by (4.39) and (4.40) we have
(4.46) |∇2φ∗g′′||g′ − φ∗g′′|+ |∇φ∗g′′|2|g′ − φ∗g′′| ≤ ct
(2+η)β
t
= ctγ
′′
,
where γ′′ > 0.
Combining (4.42), (4.43), (4.46), and (4.45), we find
(4.47) ||Rg′t − φ∗Rg′′t ||L∞(Bg¯′0 (x′0,Dtβ)) ≤ ct
ω,
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where ω is some small positive exponent, and c does not depend on t. Therefore, for all
C > 0,
lim sup
t→0

 sup
Bg¯′
0
(x′0,Ct
β)
|Rg′ |(t)

 ≤ lim sup
t→0

 sup
Bg¯′
0
(x′0,Ct
β)
|Rg′ − φ∗Rg′′ |(t)

+ lim sup
t→0

 sup
Bg¯′′
0
(x′′0 ,Ct
β)
|Rg′′ |(t)


≤ lim sup
t→0
ctω + lim sup
t→0

 sup
Bg¯′′
0
(x′′0 ,Ct
β)
|Rg′′ |(t)


= lim sup
t→0

 sup
Bg¯′′0
(x′′0 ,Ct
β)
|Rg′′ |(t)

 ,
and vice-versa, so
(4.48) sup
C>0

lim sup
t→0

 sup
Bg¯′
0
(x0,Ctβ)
|Rg′ |(t)



 = sup
C>0

lim sup
t→0

 sup
Bg¯′′
0
(x0,Ctβ)
|Rg′′ |(t)



 .

5. Regularizing Ricci flow
In this section we pullback the Ricci-DeTurck flow from §3 to obtain a regularizing Ricci
flow.
Definition 5.1. Let g0 be a C
0 metric on a manifoldM . We say that a pair ((g˜t)t∈(0,T ], χ),
where (g˜t)t∈(0,T ] is a time dependent family of smooth metrics defined on some positive
time interval and χ is a continuous surjective map M → M , is a regularizing Ricci flow
for g0 if the following are true:
(1) The family (g˜t)t∈(0,T ] is a Ricci flow, i.e. for all t ∈ (0, T ] we have
∂g˜t
∂t
= −2Ric(g˜t), and
(2) there exists a smooth family of diffeomorphisms of M , (χt)t∈(0,T ], such that
χt
C0−−→
t→0
χ and ||(χt)∗g˜t − g0||C0(M) −−→
t→0
0,
where all norms are computed with respect to some stationary smooth background metric.
We will at times suppress the continuous surjection χ, and refer to the family (g˜t)t∈(0,T ]
as the regularizing Ricci flow.
Remark 5.2. If M is closed, then, because TpM is finite dimensional for all p ∈ M , it
does not matter which stationary background metric we use to compute the C0 norms
in Definition 5.1, i.e. if we have ||(χt)∗g˜t − g0||C0(M) −−→
t→0
0 with respect to one station-
ary background metric, the same statement holds with respect to any other stationary
background metric.
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We show the following:
Theorem 5.3 (Existence of a regularizing Ricci flow). Let M be a closed manifold. If g0
is a C0 metric on M and gt is a Ricci-DeTurck flow on M starting from g0 in the sense
of Corollary 3.4, then there exists a smooth family of diffeomorphisms (χt)t∈(0,T ] such that
χ∗t gt is a Ricci flow defined for t ∈ (0, T ] and χt C
0−−→
t→0
χ, where χ is some continuous
surjection of M . In particular, there exists a regularizing Ricci flow for any C0 metric on
M .
Theorem 5.4 (Uniqueness of regularizing Ricci flows). Let M be a closed manifold, and
g0 a C
0 metric on M . Suppose ((g˜1t )t∈(0,T 1], χ1) and ((g˜2t )t∈(0,T 2], χ2) are two regularizing
Ricci flows for g0. Then there is a stationary diffeomorphism α : M → M such that
α∗g˜1t = g˜2t on (0, T 1] ∩ (0, T 2] and χ1 ◦ α = χ2.
Moreover, regularizing Ricci flows are unique in a broader sense:
Corollary 5.5. Suppose that (M1, g
1) and (M2, g
2) are closed Riemannian manifolds and
that there exists a C0 metric space isometry ϕ : M2 → M1, i.e. ϕ is a C0 bijection
with dg1(ϕ(x), ϕ(y)) = dg2(x, y) for all x, y ∈ M . If (g˜1(t))t∈(0,T1] and (g˜2(t))t∈(0,T2] are
regularizing Ricci flows for g1 and g2 respectively, then there is a diffeomorphism α :M2 →
M1 such that α
∗g˜1(t) = g˜2(t) for all t ∈ (0,min{T1, T2}].
In particular, Corollary 1.9 is the optimal result.
Remark 5.6. Theorem 1.1 is immediate from Theorem 5.3 and Theorem 5.4.
Remark 5.7. Theorem 1.4 follows from (4.47) by taking g˜′t and g˜′′t to be the regularizing
Ricci flows to be the ones obtained from Ricci-DeTurck flows as in Theorem 5.3.
Proof of Theorem 5.3. Choose a smooth background Ricci flow g¯t with ||g0−g¯0||L∞(M) < ε′,
where ε′ is as in Corollary 3.4. Find a solution gt to the Ricci-DeTurck flow starting from
g0 in the sense of Corollary 3.4, on a time interval T . Then gt → g0 uniformly by Corollary
3.7 and gt is smooth for positive times. We now show that gt pulls back to a regularizing
Ricci flow. Let χt be a family of diffemorphisms M →M defined for t ∈ (0, T ], satisfying
(5.1)
{
( ∂∂tχt)(χ
−1
t (x)) = Xg¯(t)(g(t))
∣∣
x
for all x ∈M,
χt0 = id,
where X is as in (2.5) and t0 > 0. Note that such a solution exists by standard ODE theory,
since X is nonsingular for t > 0 by Lemma 2.1. Define g˜(t) for t > 0 by g˜(t) = χ∗t g(t). As
discussed in §2, g˜(t) satisfies the Ricci flow equation, and (χt)∗g˜(t) = g(t)→ g0. It remains
to be shown that there exists some continuous surjection χ such that χt
C0−−→
t→0
χ.
First, pick a sequence of time slices, ti ց 0. Then, by Lemma 2.1, we find that
dg¯0(χti(p), χtj (p)) ≤ c(
√
ti −
√
tj),
for all p ∈M and i ≥ j, where c is as in Lemma 2.1. In particular, χti is a Cauchy sequence
in C0, and hence converges uniformly to some continuous limit, χ. If t′i ց 0 is a different
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sequence of time slices, then dg¯0(χti(p), χt′i(p)) ≤ c|
√
ti−
√
t′i| so χt′i
C0−−−→
i→∞
χ as well. Thus,
χt
C0−−→
t→0
χ.
We now show that χ is a surjection. Fix x ∈ M . By compactness, χ−1ti (x) has a
convergent subsequence in M . Pass to this subsequence, and let y denote its limit. Then
we have
dg¯0(x, χ(y)) = dg¯0(χti(χ
−1
ti
(x)), χ(y))
≤ dg¯0(χti(χ−1ti (x)), χ(χ−1ti (x))) + dg¯0(χ(χ−1ti (x)), χ(y))
≤ sup
p∈M
dg¯0(χti(p), χ(p)) + dg¯0(χ(χ
−1
ti
(x)), χ(y))
so, letting i→∞, we find that x = χ(y), and hence χ is surjective. 
Before showing Theorem 5.4 and Corollary 5.5, we will first prove:
Lemma 5.8. Suppose that M1 and M2 are closed manifolds with C
0 metrics g1 and g2
respectively, with regularizing Ricci flows ((g˜1t )t∈(0,T 1], χ1) and ((g˜2t )t∈(0,T 2], χ2). Suppose
also that there exist a sequence of numbers δi ց 0, a sequence of times ti ց 0, and a
sequence of smooth maps ϕi : M2 → M1 such that, for all i, ϕi : (M2, (χ2ti)∗g˜2(ti)) →
(M1, (χ
1
ti)∗g˜
1(ti)) is a (1 + δi)-bilipschitz map, where (χ
1
t )t∈(0,T 1] and (χ2t )t∈(0,T 2] are the
smooth families of diffeomorphisms given by Definition 5.1. Suppose also that the sequence
ϕi converges uniformly to some continuous function ϕ : M2 → M1 as i→ ∞. Then there
exists a smooth stationary diffeomorphism α : M2 → M1 such that α∗g˜1(t) = g˜2(t) for all
t ∈ (0,min{T 1, T 2}] and χ1 ◦ α = ϕ ◦ χ2.
Proof. Choose a smooth metric g¯0 on M2 with ||g2 − g¯0||C0(M2,g¯0) < ε′/4, where ε′ is as in
Corollary 3.4. Making i sufficiently large so that ||(χ2ti)∗g˜2(ti) − g2||C0(M2,g¯0) < ε′/4, we
find that
||(χ2ti)∗g˜2(ti)− g¯0||C0(M2,g¯0) ≤ ||(χ2ti)∗g˜2(ti)− g2||C0(M2,g¯0) + ||g2 − g¯0||C0(M2,g¯0) < ε′/2
(5.2)
Moreover, since ϕi : (M2, (χ
2
ti)∗g˜
2(ti)) → (M1, (χ1ti)∗g˜1(ti)) is (1 + δi)-bilipschitz, (5.2)
implies that
(5.3)
||ϕ∗i (χ1ti)∗g˜1(ti)−(χ2ti)∗g˜2(ti)||C0(M2,g¯0) ≤ c(ε′)||ϕ∗i (χ1ti)∗g˜1(ti)−(χ2ti)∗g˜2(ti)||C0(M2,(χ2ti )∗g˜2(ti)) ≤ c(ε
′)δi.
Therefore, making i sufficiently large, we have
||ϕ∗i (χ1ti)∗g˜1(ti)− g¯0||C0(M2,g¯0) ≤ ||ϕ∗i (χ1ti)∗g˜1(ti)− (χ2ti)∗g˜2(ti)||C0(M2,g¯0) + ||(χ2ti)∗g˜2(ti)− g¯0||C0(M2,g¯0)
≤ c(ε′)δi + ε′/2 < ε′.
Thus, if g¯(t) is the Ricci flow starting from g¯0, Corollary 3.4 implies that we may find smooth
Ricci DeTurck-flows g1,i(t) and g2,i(t) with respect to g¯(t), starting from ϕ∗i (χ
1
ti)∗g˜
1(ti) and
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(χ2ti)∗g˜
2(ti) respectively, defined for ti ≤ t ≤ T ′(g¯). Moreover, Lemma A.2 and (2.2) imply
that
||g1,i(t)− g2,i(t)||C0(M,g¯0) ≤ c||g1,i(ti)− g2,i(ti)||C0(M,g¯0)
= c||ϕ∗i (χ1ti)∗g˜1(ti)− (χ2ti)∗g˜2(ti)||C0(M,g¯0) ≤ Cδi,
after adjusting the constant from Lemma A.2 according to (2.2).
Since, for j = 1 (resp. j = 2), gj,i(t) is a smooth Ricci-DeTurck flow starting from
ϕ∗i (χ
1
ti)∗g˜
1(ti) (resp. (χ
2
ti)∗g˜
2(ti)), it is isometric via a time-dependent family of diffeomor-
phisms to the (unique) Ricci flow starting from ϕ∗i (χ
1
ti)∗g˜
1(ti) (resp. (χ
2
ti)∗g˜
2(ti)), which
is given by ϕ∗i (χ
1
ti)∗g˜
1(t) (resp. (χ2ti)∗g˜
2(t)), for ti ≤ t ≤ T ′(g¯). Thus, for j = 1, 2, there
exists a smooth family of diffeomorphisms φj,it with φ
j,i
ti
= id such that
(5.4) (φ1,it )
∗g1,i(t) = ϕ∗i (χ
1
ti)∗g˜
1(t) and (φ2,it )
∗g2,i(t) = (χ2ti)∗g˜
2(t)
for ti ≤ t ≤ T ′. Thus we find, for j = 1 (resp. j = 2), that g1,i(t) = (φ1,it )∗ϕ∗i (χ1ti)∗g˜1(t)
(resp. g2,i(t) = (φ2,it )∗(χ
2
ti)∗g˜
2(t)) and
(5.5) ||(φ1,it )∗ϕ∗i (χ1ti)∗g˜1(t)− (φ2,it )∗(χ2ti)∗g˜2(t)||C0(M,g¯0) = ||g1,i(t)− g2,i(t)||C0(M,g¯0) ≤ Cδi
for ti ≤ t ≤ T ′. Thus, we may define ψit := (χ1ti)−1 ◦ ϕi ◦ (φ1,it )−1 ◦ φ2,it ◦ χ2ti and conclude
that
(5.6) ||(ψit)∗g˜1(t)− g˜2(t)||C0(M,(φ2,it ◦χ2ti)∗ g¯0) ≤ Cδi,
for ti ≤ t ≤ T ′. We would like to remove the dependence of this norm on i, so that
we may let i → ∞. To do this, observe that ||g2,i(t) − g¯(t)||C0(M,g¯0) ≤ Cε′, so ||g˜2(t) −
(φ2,it ◦ χ2ti)∗g¯(t)||C0(M,(φ2,it ◦χ2ti)∗g¯0) ≤ Cε
′. Thus g˜2(t) is uniformly (1 + Cε′)-bilipschitz to
(φ2,it ◦ χ2ti)∗g¯(t), which is uniformly bilipschitz to (φ2,it ◦ χ2ti)∗g¯0. In particular, we may
measure the C0-norm with g˜2(t) instead of (φ2,it ◦ χ2ti)∗g¯0 to find
(5.7) ||(ψit)∗g˜1(t)− g˜2(t)||C0(M,g˜2(t)) ≤ c(ε′, sup
[0,T ]
|Rm |(g¯(t)), C)δi.
Thus we have that ψit : (M2, g˜
2(t))→ (M1, g˜1(t)) is a (1+cδi)-bilipschitz map. In particular,
Arzela`-Ascoli implies that, after passing to a subsequence, ψit converges uniformly to some
1-bilipschitz map αt : (M2, g˜
2(t))→ (M1, g˜1(t)). Since αt is 1-bilipschitz, it is an isometry,
and thus it must be smooth, since g˜2(t) and g˜1(t) are smooth.
We now show that, in fact, there exists a stationary diffeomorphism α such that α∗g˜1t =
g˜2t . First fix i. For t ≥ ti, g˜2t = α∗t g˜1t is a (smooth) Ricci flow starting from g˜2ti = α∗ti g˜1ti ,
and so is α∗ti g˜
1
t . By uniqueness of smooth Ricci flows on closed manifolds, α
∗
t g˜
1
t = α
∗
ti g˜
1
t .
In particular, α∗t g˜1t = α∗ti g˜
1
t for t ≥ ti, or (α−1t )∗α∗ti g˜1t = g˜1t . In particular, (αti ◦ α−1t ) is an
isometry of g˜1t , so, by compactness, there exists some limiting diffeomorphism βt :M1 →M1
such that g˜1t = β
∗
t g˜
1
t with αti ◦ α−1t C
∞−−→ βt, after passing to a subsequence.
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Define α = βt ◦ αt. We show that α = βt ◦ αt is independent of choice of t, as follows:
(5.8) βt ◦ αt = ( lim
i→∞
αti ◦ α−1t ) ◦ αt = lim
i→∞
αti ,
which is independent of t. Then we have
(5.9) α∗g˜1t = (αt)
∗(β∗t g˜
1
t ) = α
∗
t ◦ g˜1t = g˜2t .
Thus we have shown that g˜1t and g˜
2
t are isometric by way of a stationary diffeomorphism.
It remains to relate χ1 and χ2. Fix x ∈M , and a time slice t. First, note that by Lemma
2.1 we have dg¯(ti)(φ
i,2
t (p), φ
i,2
ti
(p)) ≤ c(√t−√ti) for t ≥ ti and all p ∈ M , where c is as in
Lemma 2.1. Similarly,
dg¯(ti)((φ
i,1
t )
−1(p), p) = dg¯(ti)(φ
i,1
ti
◦ (φi,1t )−1(p), φi,1t ◦ (φi,1t )−1(p)) ≤ c(
√
t−√ti).
Thus, using the fact that φi,jti = id for j = 1, 2, we have
dg¯(ti)((φ
i,1
t )
−1(φ2,it (χ
2
ti(x))), χ
2
ti(x)) ≤ dg¯(ti)((φi,1t )−1(φ2,it (χ2ti(x))), φ2,it (χ2ti(x)))
+ dg¯(ti)(φ
2,i
t (χ
2
ti(x)), χ
2
ti (x))
≤ 2c(
√
t−√ti)
for t ≥ ti. In particular, by (2.2) and adjusting c we find
(5.10) dg¯(0)((φ
i,1
t )
−1(φ2,it (χ
2
ti(x))), χ
2
ti (x)) ≤ c(
√
t−√ti),
so
(5.11) lim
j→∞
[
lim
i→∞
(
dg¯0(ϕ ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), ϕ ◦ χ2ti(x))
) ]
= 0.
Thus, for all j ≤ i we have
dg¯0(χ
1 ◦ α(x), ϕ ◦ χ2(x)) ≤ dg¯0(χ1 ◦ α(x), χ1 ◦ αtj (x)) + dg¯0(χ1 ◦ αtj (x), χ1 ◦ ψitj (x))
+ dg¯0(χ
1 ◦ (χ1ti)−1 ◦ ϕi ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), χ1ti ◦ (χ1ti)−1 ◦ ϕi ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x))
+ dg¯0(ϕi ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), ϕ ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x))
+ dg¯0(ϕ ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), ϕ ◦ χ2ti(x))
+ dg¯0(ϕ ◦ χ2ti(x), ϕ ◦ χ2(x))
≤ dg¯0(χ1 ◦ α(x), χ1 ◦ αtj (x)) + dg¯0(χ1 ◦ αtj (x), χ1 ◦ ψitj (x))
+ sup
p∈M1
dg¯0(χ
1(p), χ1ti(p))
+ sup
p∈M2
dg¯0(ϕi(p), ϕ(p))
+ dg¯0(ϕ ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), ϕ ◦ χ2ti(x))
+ dg¯0(ϕ ◦ χ2ti(x), ϕ ◦ χ2(x))
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In particular,
dg¯0(χ
1 ◦ α(x),ϕ ◦ χ2(x)) ≤ lim
j→∞
[
lim
i→∞
(
dg¯0(χ
1 ◦ α(x), χ1 ◦ αtj (x)) + dg¯0(χ1 ◦ αtj (x), χ1 ◦ ψitj (x))
+ sup
p∈M1
dg¯0(χ
1(p), χ1ti(p)) + sup
p∈M2
dg¯0(ϕi(p), ϕ(p))
+ dg¯0(ϕ ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), ϕ ◦ χ2ti(x)) + dg¯0(ϕ ◦ χ2ti(x), ϕ ◦ χ2(x))
)]
≤ lim
j→∞
dg¯0(χ
1 ◦ α(x), χ1 ◦ αtj (x))
+ lim
j→∞
[
lim
i→∞
(
dg¯0(ϕ ◦ (φ1,itj )−1 ◦ φ
2,i
tj
◦ χ2ti(x), ϕ ◦ χ2ti(x))
)]
= 0,
by (5.11), and hence χ1 ◦ α(x) = ϕ ◦ χ2(x). 
Proof of Theorem 5.4. We apply Lemma 5.8 with M1 = M2 = M and ϕi = ϕ = id. Let
δi ց 0. Since, for j = 1, 2, (χjt )∗g˜jt C
0−−→
t→0
g0, there exists a sequence of times ti ց 0 such
that
||(χ1ti)∗g˜1ti − (χ2ti)∗g˜2ti ||C0(M,(χ2ti)∗g˜2ti) ≤ δi.
Then Lemma 5.8 implies that there exists a smooth stationary map α :M →M such that
α∗g˜1(t) = g˜2(t) for all t ∈ (0,min{T 1, T 2}] and χ1 ◦ α = χ2. 
Proof of Corollary 5.5. For any sequence εi ց 0, there exists a sequence of times slices
ti ց 0 such that ϕ : (M2, (χ2ti)∗g˜2ti)→ (M1, (χ1ti)∗g˜1ti) is a (1 + εi)-bilipschitz map, since or
j = 1, 2, we have (χjt )∗g˜
j
t
C0−−→
t→0
gj . In particular, we may find (see, for instance, [9, Theorem
4.4] and [3, Lemma D.1]) smooth maps ϕi : (M2, (χ
2
ti)∗g˜
2
ti) → (M1, (χ1ti)∗g˜1ti) that are
(1 + δi)-bilipschitz, where δi is some sequence of positive numbers that decreases to 0.
Moreover, the ϕi converge to some uniform limit by Arzela`-Ascoli, since each ϕi is a
(1 + δi + γi)-bilipschitz map (M2, g
2) → (M1, g1), where γi also decreases to 0. This is
because
||ϕ∗i g1 − g2||L∞(M2,g2) ≤ ||ϕ∗i g1 − ϕ∗i (χ1ti)∗g˜1ti ||L∞(M2,g2) + ||ϕ∗i (χ1ti)∗g˜1ti − (χ2ti)∗g˜2ti ||L∞(M2,g2)
+ ||(χ2ti)∗g˜2ti − g2||L∞(M2,g2)
≤ ||ϕ∗i g1 − ϕ∗i (χ1ti)∗g˜1ti ||L∞(M2,g2) + ||ϕ∗i (χ1ti)∗g˜1ti − (χ2ti)∗g˜2ti ||L∞(M2,(χ2ti)∗g˜2ti)
−
(
||ϕ∗i (χ1ti)∗g˜1ti − (χ2ti)∗g˜2ti ||L∞(M2,(χ2ti)∗g˜2ti) − ||ϕ
∗
i (χ
1
ti)∗g˜
1
ti − (χ2ti)∗g˜2ti ||L∞(M2,g2)
)
+ ||(χ2ti)∗g˜2ti − g2||L∞(M2,g2),
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and we set
γi := ||ϕ∗i g2 − ϕ∗i (χ2ti)∗g˜2ti ||L∞(M1,g1)
−
(
||ϕ∗i (χ2ti)∗g˜2ti − (χ1ti)∗g˜1ti ||L∞(M1,(χ1ti)∗g˜1ti) − ||ϕ
∗
i (χ
2
ti)∗g˜
2
ti − (χ1ti)∗g˜1ti ||L∞(M1,g1)
)
+ ||(χ1ti)∗g˜1ti − g1||L∞(M1,g1).
Then Lemma 5.8 implies that there exists a stationary smooth isometry α : (M2, g˜
2
t ) →
(M1, g˜
1
t ) for all t ∈ (0,min{T 1, T 2}]. 
6. Pointwise nonnegative scalar curvature for C0 metrics
In light of the previous section, we now study various properties of Definition 1.2.
Lemma 6.1. LetMn be a manifold and g0 a C
0 metric onM . Suppose that ((g˜1t )t∈(0,T 1], χ1)
and ((g˜2t )t∈(0,T 2], χ2) are two regularizing Ricci flows for g0. Suppose that (1.1) holds for
((g˜2t )t∈(0,T 2], χ2) at some point y2 with χ2(y2) = x. Then (1.1) also holds for ((g˜1t )t∈(0,T 1], χ1)
at a point y1 with χ1(y1) = x. In particular, it is equivalent to require in Definition 1.2 that
all regularizing Ricci flows for g0 satisfy (1.1) at some point in the corresponding preimage
of x.
Proof. By Theorem 5.4 there exists an isometry α :M →M with α∗g˜1t = g˜2t and χ1 ◦ α =
χ2. Then, for fixed C, t > 0 we have, for x0 ∈M ,
inf
B
g˜2t
(y2,Ctβ)
Rg˜
2
(·, t) = inf
B
α∗g˜1t
(y2,Ctβ)
Rα
∗g˜1(·, t)
= inf{Rg˜1(α(y)) : dg˜1t (α(y
2), α(y)) < Ctβ}
= inf{Rg˜1(y) : dg˜1t (α(y
2), y) < Ctβ}
= inf
B
g˜1t
(α(y2),Ctβ)
Rg˜
1
(·, t).
By Theorem 5.4, χ1(α(y2)) = χ2(y2) = x, so we define y1 := α(y2) to find that (1.1) holds
for g˜′t at y1. 
Lemma 6.2. Definition 1.2 is independent of choice of y, i.e. if χ(y) = x = χ(y′) and
(1.1) is true at y, then (1.1) is also true at y′.
Proof. First assume that the regularizing Ricci flow ((g˜t)t∈(0,T ], χ) with corresponding fam-
ily of diffeomorphisms χt has the property that (χt)∗g˜t is a Ricci-DeTurck flow starting
from g0 in the sense of Corollary 3.4, as in Theorem 5.3.
Recall that χ is the uniform limit as tց of the χt. We apply (2.19) and the bounds on
the time derivative from Corollary 3.4, and argue as in the proof of Lemma 2.1 to find
dg˜(t)(y, y
′) = dg˜(t)(χ
−1
t (χt(y)), χ
−1
t (χt(y
′))) = d(χt)∗g˜t(χt(y), χt(y
′))
≤
∫ t
0
∣∣∣∣ ∂∂s [d(χs)∗ g˜s(χs(y), χs(y′))]
∣∣∣∣ ds+ dg0(χ(y), χ(y′)) ≤ c√t,
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where g¯ is a smooth background Ricci flow as in Corollary 3.4, c depends on C and is
adjusted according to the constants in Lemma 2.1 and Corollary 3.4, and dg0(χ(y), χ(y
′)) =
0 since χ(y) = χ(y′). Then for fixed D > 0 there exists a constant D′ > 0 such that, for
small t,
Bg˜(t)(y,D
′tβ) ⊂ Bg˜(t)(y′,Dtβ)
Bg˜(t)(y
′,D′tβ) ⊂ Bg˜(t)(y,Dtβ),
so that (1.1) holds at y if and only if it holds at y′. Thus Definition 1.2 is independent of
choice of y, when g˜t is constructed from a Ricci-DeTurck flow, as in Theorem 5.3.
Now let ((g˜′t)(0,T ′], χ′) be an arbitrary regularizing Ricci flow for g0, i.e. g˜′t does not
necessarily come from a Ricci-DeTurck flow as in Theorem 5.3, and suppose that y and
y′ satisfy χ′(y) = x = χ′(y′). Then, by Theorem 5.4, there exists a diffeomorphism
α : M → M such that g˜′t = α∗g˜t and χ′ = χ ◦ α. Then, as in the proof of Lemma 6.1, we
find that (1.1) holds for g˜′t at y if and only if it holds for g˜t at α(y), and that it holds for g˜′t
and y′ if and only if it holds for g˜t at α(y′). Moreover, as discussed above, (1.1) holds for g˜t
at α(y) if and only if it holds for g˜t at α(y
′), since χ(α(y)) = χ′(y) = x = χ′(y′) = χ(α(y′)).
Therefore, (1.1) holds for g˜′t at y if and only if it holds for g˜′t at y′. 
Remark 6.3. If κ = 0, Definition 1.2 is invariant under rescaling: if g0 has nonnegative
scalar curvature at x in the β-weak sense for some regularizing Ricci flow g˜(t) for g0, then,
by parabolic rescaling, g′(t) := λg˜(t/λ) is a regularizing Ricci flow for λg0 (λ > 0), and we
have
inf
C>0
(
lim inf
t→0
(
inf
Bg˜′(t)(y,Ct
β)
Rg˜
′
(·, t)
))
= inf
C>0
(
lim inf
t→0
(
inf
Bλg˜(t/λ)(y,Ctβ)
λ−1Rg˜(·, t/λ)
))
= λ−1 inf
C>0
(
lim inf
t→0
(
inf
Bg˜(t/λ)(x′,Cλ
β−1/2(t/λ)β )
Rg˜(·, t/λ)
))
≥ 0.
We now present some equivalent formulations of Definition 1.2. By allowing the balls
to be measured by a stationary metric and reformulating Definition 1.2 in terms of Ricci-
DeTurck flow, we may apply the results of §3 and §4 and use heat kernel estimates from
§2.
Lemma 6.4. Let Mn be a manifold, g0 a C
0 metric on M , and x ∈M . The following are
equivalent:
(1) The scalar curvature of g0 is bounded below by κ at x in the β-weak sense, i.e. in
the sense of Definition 1.2.
(2) If gt is a Ricci-DeTurck flow starting from g0 in the sense of Corollary 3.4 and if
g¯0 is a stationary metric on M that is uniformly bilipschitz to (gt)t∈(0,T ], then
inf
C>0
(
lim inf
tց0
(
inf
Bg¯0 (x,Ct
β)
Rgt(·)
))
≥ κ.
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Proof of Lemma 6.4. First suppose that (1) holds, and let gt be a Ricci-DeTurck flow
starting from g0 in the sense of Corollary 3.4. Let g˜t := χ
∗
t gt as in Theorem 5.3. Then (1)
holds for g˜t, with χt → χ as in Definition 1.2, and y ∈ M such that χ(y) = x. Note first
that Lemma 2.1 implies dg¯0(χt(p), χ(p)) ≤ c
√
t, so dg¯0(χt(y), x) ≤ c
√
t. In particular, there
is some C ′ such that, for sufficiently small t,
Bg¯0(x,C
′tβ) ⊂ Bgt(χt(y), Ctβ).
Now observe that
inf
Bg˜(t)(y,Ctβ)
Rg˜t(·) = inf
Bχ∗t gt
(y,Ctβ)
Rχ
∗
t g˜t(·) = inf
Bgt (χt(y),Ct
β )
Rgt(·) ≤ inf
Bg¯0 (x,C
′tβ)
Rgt(·)
Thus (1), implies that
inf
C>0
(
lim inf
tց0
(
inf
Bg¯0 (x,Ct
β)
R(·, t)
))
≥ κ.
Conversely, suppose that (2) holds. By Lemma 6.1 it is sufficient to show that there
exists some regularizing Ricci flow for g0, say (g˜t, χ), for which (1) holds. Let gt be a
Ricci-DeTurck flow starting from g0 in the sense of Corollary 3.4. By assumption, (2)
holds for gt, and we may use gt to construct a regularizing Ricci flow (g˜t, χ) as in Theorem
5.3. Arguing similarly as above, we find that, since gt satisfies (2), (1) is true for g˜t. 
Corollary 6.5. Suppose that g′0 and g
′′
0 are C
0 metrics onM ′ andM ′′ respectively. Suppose
also that there exists a locally defined diffeomorphism φ : U → V , where U and V are
neighborhoods of x′0 ∈M ′ and x′′0 ∈M ′′ respectively, such that φ(x′0) = x′′0 and φ∗g′′0 agrees
to greater than second order (in the sense of Definition 3.1) with g′0 about x
′
0. Then g
′
0 has
scalar curvature bounded below by κ at x′0 in the β-weak sense if and only if g
′′
0 does at x
′′
0,
for all β < 1/2 sufficiently close to 1/2.
Proof. This follows from Theorem 4.2 and (2) in Lemma 6.4, since if g′(t) and g′′(t) are
Ricci-DeTurck flows starting from g′ and g′′ with respect to background Ricci flows g¯′(t)
and g¯′′(t) respectively, as described in Theorem 4.2, then we have
(6.1) sup
C>0

lim sup
t→0

 sup
Bg¯′
0
(x′0,Ct
β)
|Rg′ |



 = sup
C>0

lim sup
t→0

 sup
Bg¯′′
0
(x′′0 ,Ct
β)
|Rg′′ |



 .

Proposition 6.6. Let Gx denote the space of germs of C0 metrics on M at x. Definition
1.2 descends to Gx. Moreover, if we define the equivalence relation ∼ on Gx by [g] ∼ [g′] if
g and g′ agree to greater than second order at x (in the sense of Definition 3.1), where g
and g′ are metrics on M and [g] and [g′] are their respective germs at x, then Definition
1.2 descends to the quotient space Gx/ ∼.
Proof. If g and g′ agree on a neighborhood of x, then they certainly agree to greater than
second order about x, so, by Corollary 6.5, g has scalar curvature bounded below by κ at
x in the β-weak sense if and only if g′ does. In particular, Definition 1.2 descends to Gx.
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Similarly, if [g′] ∼ [g′′], then, by Corollary 6.5, g′ has scalar curvature bounded below by
κ at x in the β-weak sense if and only if g′′ does. 
7. Behavior of β-weak scalar curvature under the Ricci flow
In this section we prove Theorems 1.5 and and 1.7, and Corollary 1.9. They follow
quickly from:
Proposition 7.1. Suppose that g0 is a C
0 metric on a closed manifold M and that there
exists β ∈ (0, 1/2) such that, for all x ∈ M , g0 has scalar curvature bounded below by κ
at x in the β-weak sense. Then, if g(t) is a Ricci-DeTurck flow starting from g0 in the
sense of Corollary 3.4, and R(·, t) is the scalar curvature of g(t), we have R(x, t) ≥ κ for
all x ∈M .
We first prove:
Lemma 7.2. For any smooth Ricci flow g¯(t) and all ε > 0, β ∈ (0, 1/2), and κ ∈ R there
exists T = T (ε, β, κ, g¯(t)) such that the following is true:
Suppose gt is a Ricci-DeTurck flow starting from some C
0 metric g0 in the sense of
Corollary 3.4, with respect to g¯(t). For any t ≤ T , if g0 has scalar curvature bounded below
by κ in the β-weak sense everywhere in Bg¯0
(
x,
(
2β
2β−1
)
tβ
)
, then Rg(x, t) ≥ κ− ε.
Remark 7.3. If g0 is smooth, then Lemma 7.2 says that if R
g(z, 0) ≥ κ for all z ∈
Bg¯0
(
x,
(
2β
2β−1
)
tβ
)
, then Rg(x, t) ≥ κ− ε.
Proof of Lemma 7.2. Fix a smooth Ricci flow g¯(t), ε > 0, β ∈ (0, 1/2), and κ ∈ R. We show
that following: that there exists T such that if gt is a Ricci-DeTurck flow with respect to
g¯(t) in the sense of Corollary 3.4 and Rg(x, t) < κ−ε for some t ≤ T , then g0 does not have
scalar curvature bounded below by κ in the β-weak sense everywhere in Bg¯0
(
x,
(
2β
2β−1
)
tβ
)
.
Observe that, by Corollary 3.4, g(t) satisfies the requisite derivative bounds |∇g¯(t)g(t)| ≤
c′t−m/2 for m = 1, 2, where c′ depends only on the constants from Corollary 3.4, and gt is
uniformly c′′-bilipschitz to g¯0, where c′′ depends only on T sup |Rm |(g¯(t)). Thus the heat
kernel estimate from Corollary 2.10 holds, and the inherited constants do not depend on
gt.
We will show that exists a sequence of points x(k) ∈ Bg¯0(x(k−1), (t/2k−1)β) such that
(7.1) R(x(k), t/2k) ≤ κ− ε+
k∑
i=1
[
Cn
(t/2i)
+Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
< κ− ε
2
,
where C = C(n, c, sup |Rm |(g¯0)) and D = D(c′, c′′) are the constants from Corollary 2.10.
Claim. There exists T = T (ε, β, κ,C,D) such that, for 0 < t ≤ T , we have
(7.2)
∞∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
<
ε
2
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Proof of claim. First observe that
exp
(
−(t/2
i−1)2β
D(t/2i)
)
≤ c(a)
(
(t/2i−1)2β
D(t/2i)
)−a
= c(a)
(
22β
D
)−a
ta(1−2β)
2ai(1−2β)
.
In particular,[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
≤ Cnc(a)
(
22β
D
)−a
ta(1−2β)−1
(
1
2a(1−2β)−1
)i
+ Cκc(a)
(
22β
D
)−a
ta(1−2β)
(
1
2a(1−2β)
)i
.
Now pick a = a(β) > 1/(1 − 2β) so that 1/2a(1−2β)−1 < 1, and pick T = T (ε, a, κ) such
that if 0 < t ≤ T , we have
∞∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
≤ Cnc(a)
(
22β
D
)−a
ta(1−2β)−1
∞∑
i=1
(
1
2a(1−2β)−1
)i
+ Cκc(a)
(
22β
D
)−a
ta(1−2β)
∞∑
i=1
(
1
2a(1−2β)
)i
<
ε
2
.

Now let (x, t) be a pair with R(x, t) ≤ κ− ε, such that t ≤ T . Then (7.2) implies that,
for all k,
(7.3)
k∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
<
ε
2
.
We construct a sequence x(k) iteratively as follows: set (x0, t) := (x, t). Then, given
x(k) ∈ Bg¯0(x(k−1), (t/2k−1)β) such that
R(x(k), t/2k) ≤ κ− ε+
k∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
we show that there exists x(k+1) ∈ Bg¯0(x(k), (t/2k)β) such that
R(x(k+1), t/2k+1) ≤ κ− ε+
k+1∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
.
Suppose that no such x(k+1) exists. Then, for all y ∈ Bg¯0(x(k), (t/2k)β) we have
R(y, t/2k+1)− κ > −ε+
k+1∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
.
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By (2.24) we may use (2.26), (7.3), and Corollary 2.10 to find
−ε+
k∑
i=1
Cn
(t/2i)
exp
(
−(t/2
i−1)2β
D(t/2i)
)
≥ R(x(k), t/2k)− κ
=
∫
Bg¯0 (x
(k),(t/2k)β)
Φ(x(k), t/2k; y, t/2k+1)[R(y, t/2k+1)− κ]dg(t/2k+1)(y)
+
∫
M\Bg¯0 (x(k),(t/2k)β)
Φ(x(k), t/2k; y, t/2k+1)[R(y, t/2k+1)− κ]dg(t/2k+1)(y)
>
(
−ε+
k+1∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
))∫
Bg¯0 (x
(k),(t/2k)β)
Φ(x(k), t/2k; y, t/2k+1)dg(t/2k+1)(y)
−
[
n
2(t/2k+1)
+ κ
] ∫
M\Bg¯0 (x(k),(t/2k)β)
Φ(x(k), t/2k; y, t/2k+1)dg(t/2k+1)(y)
≥ −ε+
k+1∑
i=1
[
Cn
(t/2i)
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
−
[
Cn
2(t/2k+1)
+ Cκ
]
exp
(
− (t/2
k)2β
D(t/2k+1)
)
≥ −ε+
k∑
i=1
[
Cn
t/2i
+ Cκ
]
exp
(
−(t/2
i−1)2β
D(t/2i)
)
+
[
Cn
(t/2k)
+ Cκ
]
exp
(
− (t/2
k)2β
D(t/2k+1)
)
.
In particular, we may conclude that
0 >
[
Cn
(t/2k)
+ Cκ
]
exp
(
− (t/2
k)2β
D(t/2k+1)
)
,
which is a contradiction.
Thus a sequence x(k) satisfying (7.1) exists. By (7.2), the sequence x(k) satisfies
R(x(k), t/2k) < κ− ε
2
.
Furthermore, for k < j, we have
dg¯0(x
(k), x(j)) ≤
j−1∑
i=k
dg˜(x
(i), x(i+1)) < tβ
∞∑
i=k
1
2βi
−−−→
k→∞
0,
since the tails of a convergent series must always tend to 0. Thus
(
x(k)
)
is Cauchy, and
hence converges to some x∞ ∈M . Moreover, for all k,
(7.4) dg¯0(x
(k), x∞) < tβ
∞∑
i=k
1
2βi
=
(
2β
2β − 1
)(
t
2k
)β
,
and
(7.5) dg¯0(x, x
∞) = dg¯0(x
0, x∞) <
(
2β
2β − 1
)
tβ.
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Let D = 2β/(2β − 1), so that
lim inf
t→0
(
inf
Bg¯0 (x
∞,Dtβ)
R(·, t)
)
≤ lim inf
k→∞
(
inf
Bg¯0 (x
∞,D(t/2k)β)
R(·, t/2k)
)
≤ lim
k→∞
R(x(k), t/2k) < κ−ε/2.
This violates (2) in Lemma 6.4 and x∞, so g0 does not have scalar curvature bounded
below by κ in the β-weak sense at x∞. 
Proof of Proposition 7.1. Let εi ց 0. Let ti ց 0 be a sequence of times such that, for all
i, ti ≤ T (εi, β, κ), where T (εi, β, κ) is given by Lemma 7.2. Then R(·, ti) ≥ κ − εi for all
i, so we may the usual maximum principle for smooth solutions to the Ricci-DeTurck flow
starting from time ti (see (2.25)), to find
R(·, t) ≥ κ− εi for t ≥ ti.
In particular, for all t > 0 we have
R(·, t) ≥ lim
i→∞
κ− εi = κ.

Proof of Theorem 1.5. We may assume without loss of generality that (g˜t, χ) is constructed
from a Ricci-DeTurck flow starting from g0 in the sense of Corollary 3.4 as in Theorem
5.3, i.e. that there exists a smooth family of diffeomorphisms χt such that (χt)∗g˜t =: gt is
such a Ricci-DeTurck flow, because Theorem 5.4 implies that (g˜t, χ) is isometric to such
a regularizing Ricci flow. By Proposition 7.1, Rgt(x) ≥ κ for all x ∈ M . Therefore,
Rg˜t(x) = Rχ
∗
t gt(x) = Rgt(χt(x)) ≥ κ for all x ∈M . 
Proof of Theorem 1.7. Fix a smooth background metric g¯0 with ||g − g¯0||C0(M,g¯0) < ε′/2,
where ε′ is as in Corollary 3.4. Then, for sufficiently large i, there exists a Ricci-DeTurck
flow gi(t) starting from gi in the sense of Corollary 3.4, which is smooth for t > 0. By
Proposition 7.1, for all i we have R(gi(t)) ≥ κi, for t > 0.
Let g(t) denote the Ricci-DeTurck flow starting from g in the sense of Corollary 3.4. By
Corollary 3.4, gi(t)
C∞loc(M×(0,T ′)−−−−−−−−−→
i→∞
g(t), so for all x ∈M , C > 0, and t ∈ (0, T ′] we have
(7.6) inf
Bg¯0 (x,Ct
β)
Rg(t)(·) ≥ lim
i→∞
inf inf
Bg¯0 (x,Ct
β)
Rgi(t)(·) ≥ lim
i→∞
κi = κ.
In particular, g has scalar curvature bounded below by κ in the β-weak sense everywhere,
so by Theorem 1.5, any regularizing Ricci flow (g˜t)t∈(0,T ] for g satisfies R(g˜t) ≥ κ for all
t ∈ (0, T ]. 
Proof of Corollary 1.9. Let ((g˜t)t∈(0,T ], χ) be a regularizing Ricci flow for g, and let (χt)t∈(0,T ]
be the smooth family of diffeomorphisms given by Definition 5.1. By Theorem 1.5, R(g˜(t)) ≥
0 for all t ∈ (0, T ], so by the scalar torus rigidity theorem (see [14, Corollary 2] and [7, Corol-
lary A]), g˜(t) is flat for all t ∈ (0, T ]. By uniqueness of the Ricci flow starting from any
(smooth) positive time slice, we must have that g˜(t) = gflat for all t ∈ (0, T ], where gflat
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is some fixed flat metric on T. By Definition 5.1, we have (χt)∗gflat
C0−−→
t→0
g, so the con-
stant sequence gflat converges in the Gromov-Hausdorff sense to g. In particular, (T, dg) is
isometric as a metric space to (T, dgflat). 
A. Iteration scheme for the Ricci-DeTurck flow
The aim of this section is essentially to show that closeness of two metrics is stable under
the Ricci-DeTurck flow, by appealing to the Banach fixed point theorem. We first record
the unweighted versions of several results that we have proven in §4; see also [10, Lemmata
2.2, 4.1, and 4.2].
Lemma A.1. We have, for every 0 < γ < 1 and every two h′, h′′ ∈ Xγ ,
(A.1) ||Q0[h′]−Q0[h′′] +∇∗Q1[h′]−∇∗Q1[h′′]||Y ≤ c1(||h′||X + ||h′′||X)||h′ − h′′||X ,
where c1 = c1(n, γ, T supt∈[0,T ] |Rm |(g¯t)). Moreover, if (∂t+L)h ≡ 0 with initial condition
h0 ∈ L∞(M), then
(A.2) ||h||X ≤ c2||h0||L∞(M),
where c2 is the constant from Lemma 4.5. Finally, if (∂t +L)h = Q ∈ Y and h0 ≡ 0, then
(A.3) ||h||X ≤ c3||Q||Y ,
where c3 is the constant from Lemma 4.6.
Proof. The proofs of (A.2) and (A.3) follow similarly to the proofs of Lemmata 4.5 and 4.6,
by omitting the weights. The proof of (A.1) is similar to the analysis of Terms I and II
in the proof of Theorem 4.1 but we shall give more details here. The analysis is simplified
by the fact that h′ and h′′ are solutions with respect to the same background metric. First
observe that if ||h′||X , ||h′′||X < γ < 1, then (2.14) and (2.16) imply
|(g¯ + h′)−1 ⋆ (g¯ + h′)−1 − (g¯ + h′′)−1 ⋆ (g¯ + h′′)−1| ≤ |(g¯ + h′)−1 ⋆ (g¯ + h′)−1 − (g¯ + h′)−1 ⋆ (g¯ + h′′)−1|
+ |(g¯ + h′)−1 ⋆ (g¯ + h′′)−1 − (g¯ + h′′)−1 ⋆ (g¯ + h′′)−1|
≤ |(g¯ + h′)−1||(g¯ + h′)−1 − (g¯ + h′′)−1|+ |(g¯ + h′)−1 − (g¯ + h′′)−1||(g¯ + h′′)−1|
≤ |(g¯ + h′)−1|2|(g¯ + h′′)−1||h′ − h′′|+ |(g¯ + h′′)−1|2|(g¯ + h′)−1||h′ − h′′|
≤ c(n, γ)|h′ − h′′|.
Thus we have
|Q0[h′]−Q0[h′′]| ≤ |(g¯ + h′)−1 ⋆ (g¯ + h′)−1 ⋆∇h′ ⋆∇h′ − (g¯ + h′′)−1 ⋆ (g¯ + h′′)−1 ⋆∇h′′ ⋆∇h′′|
+ |[(g¯ + h′)−1 − g¯] ⋆ Rmg¯ ⋆h′ ⋆ h′ − [(g¯ + h′′)−1 − g¯] ⋆ Rmg¯ ⋆h′′ ⋆ h′′|
≤ |(g¯ + h′)−1 ⋆ (g¯ + h′)−1 ⋆∇h′ ⋆∇h′ − (g¯ + h′)−1 ⋆ (g¯ + h′)−1 ⋆∇h′ ⋆∇h′′|
+ |(g¯ + h′)−1 ∗ (g¯ + h′)−1 ⋆∇h′ ⋆∇h′′ − (g¯ + h′′)−1 ⋆ (g¯ + h′′)−1 ⋆∇h′ ⋆∇h′′|
+ |(g¯ + h′′)−1 ⋆ (g¯ + h′′)−1 ⋆∇h′ ⋆∇h′′ − (g¯ + h′′)−1 ⋆ (g¯ + h′′)−1 ⋆∇h′′ ⋆∇h′′|
+ |[(g¯ + h′)−1 − g¯] ⋆ Rmg¯ ⋆h′ ⋆ h′ − [(g¯ + h′)−1 − g¯] ⋆ Rmg¯ ⋆h′ ⋆ h′′|
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+ |[(g¯ + h′)−1 − g¯] ⋆ Rmg¯ ⋆h′ ⋆ h′′ − [(g¯ + h′′)−1 − g¯] ⋆ Rmg¯ ⋆h′ ⋆ h′′|
+ |[(g¯ + h′′)−1 − g¯] ⋆ Rmg¯ ⋆h′ ⋆ h′′ − [(g¯ + h′′)−1 − g¯] ⋆Rmg¯ ⋆h′′ ⋆ h′′|
≤ c(n, γ)|∇h′||∇(h′ − h′′)|+ c(n)|h′ − h′′||∇h′||∇h′′|+ c(n, γ)|∇(h′ − h′′)||∇h′′|
+ c(n, γ)|Rmg¯ ||h′||h′ − h′′|+ c(n)|h′ − h′′||Rmg¯ ||h′||h′′|+ c(n, γ)|Rmg¯ ||h′ − h′′||h′′|,
appealing to (2.14). We also have
|Q1[h′]−Q1[h′′]| ≤ |[(g¯ + h′)−1 − g¯−1] ⋆ h′ ⋆∇h′ − [(g¯ + h′′)−1 − g¯−1] ⋆ h′′ ⋆∇h′′|
≤ |[(g¯ + h′)−1 − g¯−1] ⋆ h′ ⋆∇h′ − [(g¯ + h′)−1 − g¯−1] ⋆ h′ ⋆∇h′′|
+ |[(g¯ + h′)−1 − g¯−1] ⋆ h′ ⋆∇h′′ − [(g¯ + h′)−1 − g¯−1] ⋆ h′′ ⋆∇h′′|
+ |[(g¯ + h′)−1 − g¯−1] ⋆ h′′ ⋆∇h′′ − [(g¯ + h′′)−1 − g¯−1] ⋆ h′′ ⋆∇h′′|
≤ c(n, γ)|h′||∇(h′ − h′′)|+ c(n, γ)|h′ − h′′||∇h′′|+ c(n, γ)|h′′||∇h′′||h′ − h′′|.
Then the estimate (A.1) follows from the definitions of the X and Y norms, much as in
the proof of Lemma 4.4. 
Lemma A.2. Suppose g¯(t) is a smooth Ricci flow background defined for t ∈ [0, T ]. Sup-
pose g′0, g
′′
0 ∈ L∞(M) are two initial metrics such that ||g′0−g¯(0)||L∞(M), ||g′′0−g¯(0)||L∞(M) <
ε, where ε is given by Lemma 3.3 and reduced, if necessary, so that 2c1c3Cε < 1, where C
is the constant from Lemma 3.3 and c1 and c3 are as in (A.1) and (A.3) respectively. Let
h′(t) and h′′(t) be solutions to the integral equation (3.1) in Xγ for some 0 < γ < 1, given
by Lemma 3.3, starting from g′0 and g
′′
0 respectively. Then
(A.4) ||h′ − h′′||X ≤ c||g′0 − g′′0 ||L∞(M),
where c = c(n, γ, T sup[0,T ] |Rm |(g¯t)).
Proof. Observe that ||h′||X , ||h′′||X ≤ Cε, by Lemma 3.3. Moreover, the proof of Lemma
3.3 implies that F [·, h′0] and F [·, h′′0 ] are contraction mappings XCε → XCε. For i ∈ N let
h′i = F
i[0, h′0], i.e. F [·, h′0] applied to the 0-tensor i times, and let h′′i = F i[0, h′′0 ], so that
h′i → h′ in X as i→∞, and similarly for h′′, by the Banach fixed point theorem. We show
(A.5) ||h′i − h′′i ||X ≤ c2
i−1∑
k=0
(2c1c3Cε)
k||h′0 − h′′0 ||L∞(M).
To prove (A.5) we induct. We have
||h′1 − h′′1 ||X =
∣∣∣∣
∣∣∣∣
∫
M
K¯(x, y)(h′0 − h′′0)(y)dy
∣∣∣∣
∣∣∣∣
X
≤ c2||h′0 − h′′0||L∞(M),
by (A.2). Moreover, supposing (A.5) holds for i− 1, we appeal to (A.3), (A.2), and (A.1)
to find
||h′i − h′′i ||X ≤ ||F [h′i−1, h′0]− F [h′′i−1, h′0]||X + ||F [h′′i−1, h′0]− F [h′′i−1, h′′0 ]||X
=
∣∣∣∣
∣∣∣∣
∫ t
0
∫
M
K¯t−s(x, y)(Q[h′i−1]−Q[h′′i−1])(y, s)dyds
∣∣∣∣
∣∣∣∣
X
+
∣∣∣∣
∣∣∣∣
∫
M
K¯(x, y)(h′0 − h′′0)(y)dy
∣∣∣∣
∣∣∣∣
X
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≤ c3||Q[h′i−1]−Q[h′′i−1]||Y + c2||h′0 − h′′0 ||L∞(M)
≤ c1c3(||h′i−1||X + ||h′′i−1||X)||h′i−1 − h′′i−1||X + c2||h′0 − h′′0 ||L∞(M)
≤ 2c1c3Cεc2
i−2∑
k=0
(2c1c3Cε)
k||h′0 − h′′0 ||L∞(M) + c2||h′0 − h′′0 ||L∞(M).
Taking limits, we obtain (A.4), with c = c2
∑∞
k=0(2c1c3Cε)
k. 
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